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Preface

When Gerhard Müller c hose to lea v e us on 9 July 2002 b ecause of his illness, w e

lost a teac her and colleague. P art of his legacy is sev eral lecture notes whic h he

had w ork ed on for more then 20 y ears. These notes ha v e b ecome the bac kb one
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help in preparing the �gures and our studen ts for p oin ting out errors and asking

questions. W e w ould lik e to thank A. Priestley for pro of-reading the script and

turning Deutsc hlish in to English and K. Priestley for his man y commen ts.

W e thank the GFZ P otsdam and the Dublin Institute for A dv anced Studies for

their supp ort during a sabbatical of MW in Dublin, where most of this b o ok

w as prepared. W e w ould also lik e to thank the GFZ for con tin uing supp ort in

the preparation of this b o ok.

M. W eb er G. Rümpk er D. Ga jewski

P otsdam, F rankfurt, Ham burg

Jan uary 2007

This �le can b e do wnloaded from h ttp://gfz-p otsdam.de/mh w/tew/

tew_ 2007:ps(64MB ) + tew_ 2007:pdf (3:5MB )
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Preface of the German Lecture Notes

This script is the revised and extended v ersion of a man uscript whic h w as used

for sev eral y ears in a 1- to 2-semester lecture on the theory of elastic w a v es

at the univ ersities of Karlsruhe and F rankfurt. The aim of this man uscript is

to giv e studen ts with some bac kground in mathematics and theoretical ph ysics

the basic kno wledge of the theory of elastic w a v es, whic h is necessary for the

study of sp ecial literature in monographs and scien ti�c journals. Since this is

an in tro ductory text, theory and metho ds are explained with simple mo dels

to k eep the computational complexit y and the form ulae as simple as p ossible.

This is wh y often liquid media instead of solid media are considered, and only

horizon tally p olarised w a v es (SH-w a v es) are discussed, when shear w a v es in

la y ered, solid media are considered. A third example is that the normal mo de

theory for p oin t sources is deriv ed for an ideal w a v e guide with free or rigid

b oundaries. These simpli�cations o ccasionally hide the direct connection to

seismology . In m y opinion, there is no other approac h if one aims at presen ting

theory and metho ds in detail and in tro ducing at least some asp ect from the

wide �eld of seismology . After w orking through this script studen ts should, I

hop e, b e b etter prepared to read the adv anced text b o oks of Pilan t (1979), Aki

and Ric hards (1980, 2000), Ben-Menahem and Sing (1981), Dahlen and T romp

(1998), Kennett (2002) and Chapman (2004), whic h treat mo dels as realistically

as p ossible.

This man uscript has its emphasis in the w a v e seismic treatmen t of elastic b o dy

and surface w a v es in la y ered media. The understanding of the dynamic prop-

erties of these t w o w a v e t yp es, i.e., their amplitudes, frequencies and impulse

forms, are a basic prerequisite-requisite for the study of the structure of the

Earth, ma y it b e in the crust, the man tle or the core, and for the study of

pro cesses in the earthquak e source. Ra y seismics in inhomogeneous media and

their relation with w a v e seismics are discussed in more detail than in earlier

v ersions of the script, but seismologically in teresting topics lik e eigen-mo des of

the Earth and extended sources of elastic w a v es are still not treated, since they

w ould exceed the scop e of an in tro ductory lecture.

A t sev eral places of the man uscript, exercises are included, the solution of these

is an imp ortan t part in understanding the material. One of the app endices tries

to co v er in compact form the basics of the Laplace and F ourier transform and

of the delta function, so that these topics can b e used in the main part of the

script.

I w ould lik e to thank Ingrid Hörnc hen for the often tedious writing and correct-

ing of this man uscript.

Gerhard Müller
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Chapter 1

Literature

The follo wing list con tains only b o oks, that treat the propagation of elastic

w a v es and a few text b o oks on con tin uum mec hanics. Articles in journals are

men tioned if necessary . Their n um b er is k ept to a minim um.

A c hen bac h, J.D.: W a v e propagation in elastic solid, North-Holland Publ. Comp.,

Amsterdam, 1973

Aki, K. and P .G. Ric hards: Quan titativ e seismology - theory and metho ds (2

v olumes), F reeman and Co., San F rancisco, 1980 and 2002

Ben-Menahem, A. and S.J. Singh: Seismic w a v es and sources, Springer, Heidel-

b erg, 1981

Bleistein, N.: Mathematical metho ds for w a v e phenomena, A cademic Press,

New Y ork, 1984

Brekho vskikh, L.M.: W a v es in la y ered media, A cademic Press, New Y ork, 1960

Brekho vskikh, L., and Gonc haro v, V.: Mec hanics of con tin ua and w a v e dynam-

ics, Springer-V erlag, Berlin, 1985

Budden, K.G.: The w a v e-guide mo de theory of w a v e propagation, Logos Press,

London, 1961

Bullen, K.E., and Bolt, B.A.: An in tro duction to the theory of seismology ,

Cam bridge Univ ersit y Press, Cam bridge, 1985

Cagniard, L.: Re�ection and refraction of progressiv e w a v es, McGra w-Hill Bo ok

Comp., New Y ork, 1962

ƒ erv éný , V., I.A. Moloto v and I. P ² encík: Ra y metho d in seismology , Univ erzita

Karlo v a, Prague, 1977

Chapman, Ch.: F undamen tals of seismic w a v e propagation, Cam bridge Univ er-

sit y Press, 2004
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Chapter 2

F oundations of elasticit y

theory

Commen ts

In this c hapter sym b olic and index notation is used, i.e., a v ector (sym b olic

notation

�!
f ) is also written as f i (comp onen ts f 1; f 2; : : : ; f n ), the lo cation v ector

(sym b olic

�! x ) as x i (comp onen ts x1; x2; x3 ), and a matrix (sym b olic a) as aij

( i = line index = 1 ; 2; : : : ; m; j = ro w index = 1 ; 2; : : : ; n ). The pro duct of matrix

aij with the v ector f j is the v ector

gi =
nX

j =1

aij f j (i = 1 ; 2; : : : ; m):

A short notation for this is ( summation c onvention = SC )

gi = aij f j :

In the follo wing text, if a pro duct on the righ t o ccurs in whic h there is a rep eated

index, this index tak es all v alues from 1, 2, ..., n (usually n = 3) and all pro ducts

are summed.

If the sym b olic notation is simpler, e.g., for the cross pro duct of t w o v ectors or

for div ergence or rotation, the sym b olic notation is used.
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12 CHAPTER 2. F OUND A TIONS OF ELASTICITY THEOR Y

2.1 Analysis of strain

2.1.1 Comp onen ts of the displacemen t v ector

Consider a b o dy that is deformed b y an external force. Before deformation, the

p oin t P has the lo cation v ector x i and the in�nitesimal close p oin t Q has the

lo cation v ector x i + yi . The comp onen ts of yi are assumed to b e indep enden t

v ariables; this is wh y dxi w as not used. After deformation, P has b een displaced

b y the displacemen t v ector ui to P' , and Q has b een displaced to Q' b y the

v ector (expansion up to linear terms)

zi = ui + dui = ui +
@ui
@xj

yj ( SC ):

Fig. 2.1: Neigh b ourho o d of P and Q b efore and after deformation.

V ector zi describ es (for v ariable Q in the neigh b ourho o d of P ) the c hanges near

P due to the deformation. In general, these c hanges consist of: a translation,

a rotation of the whole region around an axis through P and the actual de-

formation, whic h c hanges the length of lines (rotation and deformation will b e

discussed later in more detail)

zi = ui + dui = ui + � ij yj + � ij yj

translation deformation rotation

� ij =
1
2

�
@ui
@xj

+
@uj
@xi

�
; � ij :=

1
2

�
@ui
@xj

�
@uj
@xj

�
(2.1)

� ij = � ji (2.2)

� ij = � � ji () � 11 = � 22 = � 33 = 0) : (2.3)
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The matrices � ij and � ij are tensors of 2nd de gr e e . � ij is symmetric due to (2.2)

and � ij is an ti-symmetric due to (2.3). � ij is called deformation tensor and � ij

is called r otation tensor .

2.1.2 T ensors of 2nd degree

A tensor of 2nd degree, t ij , transforms a v ector in to another v ector (e.g., � ij

transforms v ector yi in to the deformation part of dui ; another example of this is

the inertial tensor transforms the v ector of the angular v elo cit y in to the rotation

impulse v ector (rotation of a rigid b o dy)). If the co ordinate system is rotated,

the tensor comp onen ts ha v e to b e transformed as follo ws to yield the original

v ector

t ;
kl = aik ajl t ij ( SC t wice ) (2.4)

amn = cos 
 mn ( see sk etc h ):

t ;
kl = T ensor comp onen t in the rotated co ordinate system (dashed line in sk etc h).

Fig. 2.2: Co ordinate system of tensors of 2nd degree.

F or a certain orien tation of the rotated system, the non-diagonal elemen ts

t0
12

; t0
13

; t0
21 ; ... v anish. These co ordinate axis are called main axes of the tensor,

and the tensor is in diagonal form. In the diagonal form, man y ph ysical relations

b ecome simpler. Certain com binations of tensor comp onen ts are indep enden t

of the co ordinate system of the tensor. These are the three invariants ( T1 , T2 ,

T3 are the diagonal elemen ts of the tensor in diagonal form). More on tensors

can b e found in, e.g., Riley , Hobson and Bence.
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I 1 =

�
�
�
�
�
�

t11 t12 t13

t21 t22 t23

t31 t32 t33

�
�
�
�
�
�

= T1T2T3 ( determinan t )

I 2 = t11 + t22 + t33 = T1 + T2 + T3 ( trace )

I 3 = t11t22 + t22t33 + t33t11 �

t12t21 � t23t32 � t31t13 = T1T2 + T2T3 + T3T1:

2.1.3 Rotation comp onen t of displacemen t

The rotation comp onen t of displacemen t follo ws from

0

@
0 � 12 � 13

� � 12 0 � 23

� � 13 � � 23 0

1

A

0

@
y1

y2

y3

1

A =

0

@
� 12y2 + � 13y3

� � 12y1 + � 23y3

� � 13y1 � � 23y2

1

A =
�!
� � �! y

with

�!
� = ( � � 23; � 13; � � 12) =

1
2

r � �! u :

V ector

�!
� � �! y describ es an in�nitesimal r otation of the region of P around

an axis through P with the direction of

�!
� . The rotation angle has the abso-

lute v alue

�
�
�
�!
�

�
�
� and is indep enden t of

�! y (sho w). A prerequisite is that

�!
� is

in�nitesimal. A su�cien t condition for this is that

�
�
�
�
@ui
@xj

�
�
�
� � 1 for all i and j: (2.5)

2.1.4 Deformation comp onen t of displacemen t

After separating out the rotation term, only the deformation term is of in terest

since it describ es the forces whic h act in a b o dy . The deformation is describ ed

completely b y the six comp onen ts � ij whic h are, in general, di�eren t. These

dimensionless comp onen ts will no w b e in terpreted ph ysically .

The starting p oin t is dui = � ij yj , i.e., w e assume no rotation.

a) During this transformation, a line remains a line, a plane remains a plane, a

sphere b ecomes an ellipsoid and parallel lines remain parallel.

b) Deformation c omp onents � 11; � 22; � 33

Co ordinate origin at P and sp ecial selection of Q : y1 6= 0 ; y2 = y3 = 0 :
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du1

du2

y1 1P

Q'

Q

2

Fig. 2.3: Sk etc h for deformation comp onen ts.

du1 = � 11y1

du2 = � 21y1

du3 = � 31y1 = 0 ( assumption : � 31 = 0) :

� 11 = du 1
y1

is the relativ e c hange in length in direction 1 ( not the relativ e c hange

in length of PQ , see also d). Stretc hing o ccurs if � 11 > 0 and shortening if

� 11 < 0. Similarly , � 22 and � 33 are the relativ e length c hanges in direction 2 and

3.

c) She ar c omp onents � 12; � 13; � 23

Fig. 2.4: Sk etc h for shear comp onen ts.

Q1 ! Q0
1 : du2 = � 21y1 = � 12y1

Q2 ! Q0
2 : du1 = � 12y2
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tan � ' � '
du2

y1
= � 12

tan � ' � '
du1

y2
= � 12:

This means, � 12 is the angle around whic h the 1- or 2-axis is rotated. The

righ t angle at P is reduced b y 2� 12 . If the parallelogram is not in the 1-2 plane

after deformation (since � 13; � 23 or � 33 is non-zero), these statemen ts hold for

the v ertical pro jection in this plane.

Similar results hold for � 13 and � 23 .

d) L ength changes of distanc e P Q

Fig. 2.5: Sk etc h for length c hanges of distance P Q.

P Q = l0 =

(
3X

i =1

y2
i

) 1=2

P0Q0 = l =

(
3X

i =1

(yi + � ij yj )2

) 1=2

=

=

(
3X

i =1

y2
i + 2 � ij yi yj +

3X

i =1

(� ij yj )2

) 1=2

:

The 1st, 2nd and 3rd term require SC once, t wice and three times, resp ectiv ely .

The 3rd term con tains only squares of � ij and can, within the framew ork of

in�nitesimal str ain the ory treated here, b e neglected relativ e to the 2nd term

(the prerequisite for this is (2-5))
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l = l0

�
1 +

2
l2
0

� ij yi yj

� 1
2

= l0 +
1
l0

� ij yi yj :

Relativ e length c hanges

l � l0
l0

= � ij
yi yj

l2
0

= � ij ni nj ( SC t wice; quadratic form in nk )

ni =
yi

l0
= unit v ector in direction of yi :

Approac hes for �nite str ain the ory exist (see, e.g., Bullen and Bolt). Suc h a

theory has to b e dev elop ed from the v ery start. Then, for example, the simple

separation of the rotation term in the displacemen t v ector, whic h is p ossible

for in�nitesimal deformations, is no longer p ossible. The deformation tensor � ij

also b ecomes more complicated.

e) V olume changes (cubic dilatation)

W e consider a �nite (not in�nitesimal) v olume V con taining p oin t P surface

with S . After deformation, for whic h w e assume without loss of generalit y that

P remains in its p osition, v olume V is c hanged b y � V .

Fig. 2.6: Sk etc h for v olume c hanges.

� V =
Z

S
un df:

T ransformation of this surface in tegral with Gauss' la w giv es

� V =
Z

V
r � �! u dV;
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and the relativ e v olume c hange can b e written as

� V
V

=
1
V

Z

V
r � �! u dV: (2.6)

In to the limit V ! 0 (shrinking to p oin t P ), this b ecomes

lim
V ! 0

� V
V

= � :

This limit is called cubic dilatation .

F rom (2.6) with (2.1), it follo ws that

� = r� �! u :=
@u1
@x1

+
@u2
@x2

+
@u3
@x3

= � 11+ � 22+ � 33 ( trace of the deformation tensor ):

F or � > 0 the v olume increases, for � < 0 the v olume decreases.

2.1.5 Comp onen ts of the deformation tensor in cylindrical and spher-

ical co ordinates

j r

z

P

Fig. 2.7: Cylindrical co ordinates r; '; z .

�! u = ( ur ; u' ; uz )

� rr =
@ur
@r

� '' =
1
r

@u'
@'

+
ur

r

� zz =
@uz
@z

2� r' =
1
r

@ur
@'

+
@u'
@r

�
u'

r
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2� rz =
@ur
@z

+
@uz
@r

2� 'z =
@u'
@z

+
1
r

@uz
@'

:

The comp onen ts refer to the lo cal Cartesian co ordinate system in P .

l

r

P

u

Fig. 2.8: Spherical co ordinates r; #; � .

�! u = ( ur ; u# ; u� )

� rr =
@ur
@r

� ## =
1
r

@u#
@#

+
ur

r

� �� =
1

r sin#
@u�
@�

+
ur

r
+

cot #
r

u#

2� r# =
1
r

@ur
@#

+
@u#
@r

�
u#

r

2� r� =
1

r sin#
@ur
@�

+
@u�
@r

�
u�

r

2� #� =
1

r sin#
@u#
@�

+
1
r

@u�
@#

�
cot #

r
u� :

Exercise 2.1

Ho w do es a rectangular cub e with edges parallel to the main axis system of the

deformation tensor deform (length of edges a, b, c)? Con�rm the equation

� = � 11 + � 22 + � 33 :
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Exercise 2.2

Split the deformation tensor in to one part that is pure shear (no v olume c hange)

and another part that is pure v olume c hange (no shear).

Exercise 2.3:

Deriv e the comp onen ts of the deformation tensor in cylindrical co ordinates.

Hin t:

P(r,   ,z)j Q(r+dr,   +d   ,z+dz)j j

ui

yi

u+dui i

y'=y +du
i i i Q'

P'

Fig. 2.9: Displacemen t v ectors to b e used.

With resp ect to the lo cal Cartesian co ordinate system in P , it holds that

y1 = dr
y2 = rd'
y3 = dz

u1 = ur

u2 = u'

u3 = uz :

Determine �rst the cylindrical co ordinates of P' and Q' under the condition of

in�nitesimal displacemen t and deformation. Then giv e the comp onen ts of the

v ector y0
i

= yi + dui in the lo cal Cartesian co ordinate system of P' , similar to

the de�nition of yi , in the system of P . This requires linearisation. This then

allo ws the deriv ation of v ector dui in the form

dui = vij yj

and the determination of tensor vij . The deformation tensor is the symmetric

part of vij

� ij =
1
2

(vij + vji ):
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2.2 Analysis of stress

2.2.1 Stress

In a deformed b o dy , a v olume elemen t is sub ject to b o dy for c es (prop ortional

to v olume, e.g., gra vit y , cen trifugal force, inertial force) and to surfac e for c es ,

whic h originate from neigh b ouring v olume elemen ts (prop ortional to surface).

The later is the topic here. W e consider a b o dy K 1 with the surface S within

a deformed b o dy K 2 (see Fig. 2.10). If K 2 is remo v ed, K 1 will, in general,

assume a new equilibrium con�guration. This indicates that K 2 has exerted

forces through S on K 1 . T o bring K 1 bac k to its original form, Ersatz forces

�!
P � f (� f =surface elemen t) ha v e to b e applied on S .

The same forces w ere exerted b y K 2 .

�!
P with the dimension force/surface is

called tr action . Its direction and size dep end on:

1. The lo cation of the surface elemen t � f

2. Its normal direction

�! n (de�ned as the direction p oin ting out of K 1 ).

Fig. 2.10: Bo dy K 1 within a deformed b o dy K 2 .

The comp onen t of

�!
P parallel to

�! n is called normal traction (= pull or pressure

traction).

The comp onen t of

�!
P p erp endicular to

�! n is called tangen tial traction, shear

traction or thrust traction.

If

�!
P is kno wn ev erywhere in the b o dy and for all directions

�! n , the stress within

the b o dy is kno wn. F or this, six functions m ust b e kno wn.

2.2.2 Stress tensor pij

W e consider a b o dy in an in�nitesimal tetrahedron ABCD and assume, that

the traction of the three sides ABD, ABC, and A CD are kno wn.
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Fig. 2.11: In�nitesimal tetrahedron ABCD .

F rom this, w e will compute the traction tensor

�!
P of BCD . Because the tetrahe-

dron is small, all tractions are constan t o v er their corresp onding surfaces. The

normal directions and surfaces are

ABD : negativ e 2-direction, � f 2

ABC : negativ e 3-direction, � f 3

A CD : negativ e 1-direction, � f 1

BCD:

�! n = ( n1; n2; n3); � f

� f j = � fn j : (2.7)

W e assume that the forces and traction v ectors on ABD, ABC and A CD are

kno wn for the p ositive 2-, 3- and 1-direction, resp ectiv ely

ABD:

�!
P2� f 2;

�!
P2 = ( p21; p22; p23)

ABC:

�!
P3� f 3;

�!
P3 = ( p31; p32; p33)

A CD:

�!
P1� f 1;

�!
P1 = ( p11; p12; p13) .

This means that nine functions pij are kno wn. After neglecting the b o dy forces

(whic h decrease faster then the surface forces for a shrinking tetrahedron), the

force balance at the tetrahedron can b e written as

�
�!
Pj � f j +

�!
P � f = 0 :

With (2.7), it follo ws (SC)

�!
P =

�!
Pj nj : (2.8)
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Therefore, it is su�cien t to kno w the traction v ectors of three p erp endicular

surface elemen ts to determine the traction v ector for an arbitrarily orien ted

surface elemen t. In index notation, (2.8) can b e written as (note: Pj is a

comp onen t of

�!
P ;

�!
Pj is a v ector)

P1 = p11n1 + p21n2 + p31n3:

In general, it holds that Pj = pij ni : ( SC )

The nine functions pij form the str ess tensor . It is v alid for a certain righ t-angle

co ordinate system. The comp onen ts pi 1; pi 2; pi 3 giv e the traction v ector for a

surface elemen t, the normal of whic h is in the direction of the p ositiv e i-axis.

pii ( e :i :; p11; p22; or p33) is the normal stress, the t w o other comp onen ts are the

tangen tial stresses, resp ectiv ely . As will b e sho wn in the next section (see also

exercise 2.6), the stress tensor is symmetric, i.e.,

pij = pji:

Therefore, Pj = pji ni or in the usual notation

Pi = pij nj : (2.9)

In general, the stress tensor has six indep enden t comp onen ts.

Exercise 2.4

a) Giv e the stress tensor for h ydrostatic pressure p .

b) Giv e the stress tensor for the in terior of an in�nite plate whic h is �xed at

one side (b ottom), whereas at the other side (top) the shear traction � acts

ev erywhere in the same direction.

Exercise 2.5

Sho w that if

�!
P is the traction for direction

�! n , and

�!
P0

for the direction

�!
n0

, it

holds that

�!
P

�!
n0 =

�!
P0�! n .

2.3 Equilibrium conditions

The equilibrium conditions for a �nite v olume V in a deformable b o dy require

that the resulting force and the resulting angular momen t v anish
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Z

V

�!
F dV +

Z

S

�!
P df = 0 ( resulting force ) (2.10)

Z

V
(�! x �

�!
F )dV +

Z

S
(�! x �

�!
P )df = 0 ( resulting momen t ) (2.11)

P

n

F
x

S
V

dV
df

O

Fig. 2.12: Finite v olume V in a deformable b o dy .

where

�!
F = b o dy forces including inertial force (dimension: force/ v olume =

force densit y) and

�!
P = traction v ector on S (normal

�! n to w ards the outside).

Equation (2.10) giv es the equation of motion of the elastic con tin uum. F or eac h

comp onen t (only Cartesian comp onen ts can b e used)

Z

V
Fi dV +

Z

S
Pi df =

Z

V
Fi dV +

Z

S
pij nj df = 0 :

pij nj can b e understo o d as the normal comp onen t Pin of the traction

�!
Pi =

(pi 1; pi 2; pi 3) relativ e to the ith-direction. Application of Gauss' theorem giv es

Z

S
Pin df =

Z

V
r �

�!
Pi dV;

therefore,

Z

V
(Fi + r �

�!
Pi )dV = 0 :

This holds for ev ery arbitrary v olume V . Therefore, the in tegrand has to v anish

Fi +
@pi 1
@x1

+
@pi 2
@x2

+
@pi 3
@x3

= 0
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or

Fi +
@pij
@xj

= 0 ( SC )

with the comp onen ts of F : Fi = � � d2 u i
dt 2 + f i (� = densit y ):

The �rst term is the inertial force; f i con tains all other b o dy forces. Within the

framew ork of the theory of in�nitesimal deformation, the implicit di�eren tiation

d
dt can b e replaced b y the lo cal di�eren tiation, i.e., partial di�eren tiation

@
@t

dA
dt

=
@A
@t

+
@A
@xi

@xi
@t

�
@A
@t

(A = in�nitesimal parameter ; e :g : ui ):

Then, this giv es the e quation of motion (SC)

�
@2ui

@t2
=

@pij
@xj

+ f i : (2.12)

A t rest, normally pij 6= 0 and the remaining stress is called the initial stress.

It exists, when ob jects comp osed of materials with di�eren t thermal expansions

co e�cien ts are co oled, or b y the self-compression of ob jects in their o wn gra vit y

�eld (in this case the initial stress is the h ydrostatic pressure). Assume that for

a b o dy at rest pij = p(0)
ij and f i = f (0)

i . Then (2.12) holds and

@p(0)
ij

@xj
+ f (0)

i = 0 : (2.13)

The pre-stressed b o dy will b e deformed b y time-dep enden t b o dy forces (e.g., an

earthquak e in the Earth's crust). In the case of a su�cien tly small additional

stress (and only then), the follo wing separation is v alid

pij = p(0)
ij + p(1)

ij f i = f (0)
i + f (1)

i :

With (2.13), it follo ws from (2.12), that

�
@2ui

@t2
=

@p(1)
ij

@xj
+ f (1)

i :

This means that the displacemen t ui from the pre-stressed state dep ends only

on the additional stress and the additional b o dy forces. In the follo wing, pij

and f i in (2.12) will alw a ys b e understo o d in that sense, i.e., at rest pij = 0 and
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f i = 0 . This assumption is su�cien t for the study of elastic b o dy and surface

w a v es in the Earth. In the case of normal mo des and tides, where large depth

ranges and ev en the whole Earth mo v es, pij in (2.12) is the complete stress

tensor, including the h ydrostatic con tribution. In this case, f i represen ts all

external forces, including the gra vitational force of the Earth itself. The reason

for this is that, in this case, b ecause of the large size of the h ydrostatic pressure

during deformation, the c hange of this pressure cannot b e neglected. A simple

example is seen in the the radial mo des of a sphere whic h ha v e lar ger p erio ds if

h ydrostatic pressure and gra vitational force are included.

Exercise 2.6

Deriv e the equation of motion without assuming the symmetry of the stress

tensor pij ; then deriv e this symmetry from the momen t equation (2.11). Hin t:

In the �rst part, use the stress v ector in the form Pi = pji nj instead of (2.9). In

the second part, write (2.11) b y comp onen ts and use the result of the �rst part.

2.4 Stress-strain relations

2.4.1 Generalised Ho ok e's La w

If a b o dy in an unp erturb ed con�guration sho ws a deformation asso ciated with

a length c hange, this b o dy is under stress. This means that in eac h p oin t of the

b o dy a relation b et w een the comp onen ts of the stress tensor and the deformation

tensor exists

pij = f ij (� 11; � 12; : : : ; � 33; a1; a2; : : : ; an ): (2.14)

As indicated, other indep enden t parameters ak , suc h as time and temp erature,

can o ccur. Generally , pij at time t can dep end on the previous history at times

� with �1 < � < t . If, for example, a b eam has su�ered extreme b ending

in the past, its b eha viour will b e di�eren t. The general study of (2.14) and a

corresp onding classi�cation of materials as elastic, plastic and visco-elastic, etc .

is the topic of rhe olo gy . F or seismology , generally the most simple form of (2.14)

is su�cien t, namely that pij at a p oin t dep ends only on the presen t v alues of

� kl at that p oin t. In this case, from � kl = 0 , it follo ws pij = 0 , i.e., deformation

ceases instan tly if the stress ceases. This means

pij = f ij (� 11; � 12; : : : ; � 33) (2.15)

f ij (0; 0; : : : ; 0) = 0 :

If these conditions hold, this state is called ide al elasticity . Under in�nitesimal

deformation, pij is a linear function of all � kl (expansion of (2.15) at � kl = 0 )
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pij = cijkl � kl ( SC t wice ) (2.16)

cijkl = elasticit y constan ts :

Line ar elasticity the ory studies elastic pro cesses in b o dies under the follo wing

assumptions:

1. The deformations are in�nitesimal.

2. The stress-strain relations are linear.

The imp ortan t assumption is 1.

The w ell-kno wn Ho oke's L aw , for the stretc hing of a wire or the shearing of a

cub e, is a sp ecial case of (2.16). Equation (2.16) is, therefore, called generalised

Ho ok e's la w. Its range of applicabilit y has to b e determined b y exp erimen ts

or observ ation. The relation in the follo wing sk etc h holds, for example, for the

stretc hing of a wire. Bet w een A and B the relation b et w een force p er square

unit of the cross section p11 and the relativ e c hange in length � 11 is linear and

corresp onds to (2.16) ( E = Y oung's mo dulus).

Fig. 2.13: Sk etc h for the stretc hing of a wire.

Bet w een B and C the relation is no longer linear but still corresp onds to ideal

elastic b eha viour, i.e., if p11 is reduced to zero, no deformation � 11 remains.

Bey ond C irrev ersible deformation o ccurs (plastic b eha viour, �o w of material).

Finally the wire ruptures.
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The tensor of 4th degree cijkl has 81 (9 x 9 =) comp onen ts. Due to the symmetry

of the deformation and stress tensors, only 36 (6 x 6 =) comp onen ts are inde-

p enden t from eac h other. Since the elastic deformation energy (= elastic energy

p er unit v olume) is conserv ed, this n um b er reduces further to 21 comp onen ts

(see, e.g., pg. 268-269 in Sommerfeld). This is the maxim um n um b er of elas-

ticit y constan ts an anisotr opic b o dy can ha v e. F or sp ecial forms of anisotrop y ,

and esp ecially for isotrop y , this n um b er reduces further. F or isotropic b o dies

whic h do not ha v e preferred directions, only t w o elastic constan ts remain. The

str ess-str ain r elations (2.16) can then b e written as

pij = ��� ij + 2 �� ij (2.17)

where � and � are Lamés elasticit y constan t and elasticit y parameter, resp ec-

tiv ely (b oth of whic h can b e spatially dep enden t),

� = � 11 + � 22 + � 33 is the cubic dilatation, and

� ij =
�

1 for i = j
0 otherwise

�
: is the Kronec k er sym b ol or unit tensor

2.4.2 Deriv ation of (2.17)

W e c ho ose the main axis system of the stress tensor as the co ordinate system,

whic h under isotrop y is iden tical to that of the deformation tensor. W e, fur-

thermore, ha v e the main stress and deformation comp onen ts P1; P2; P3 and the

main deformations E1; E2; E3 , resp ectiv ely , whic h ha v e a linear relation. In the

isotropic case, this b ecomes

P1 = aE1 + b(E2 + E3)

P2 = aE2 + b(E1 + E3)

P3 = aE3 + b(E1 + E2):

The co e�cien t of E2 and E3 in the equation for P1 ha v e to b e the same, since

for an isotropic b o dy the main axes 2 and 3 con tribute equally to the main stress

P1 . The same holds for the other t w o equations. F rom this, it follo ws that

Pi = ( a � b)E i + b(E1 + E2 + E3) (2.18)

= 2 �E i + � (E1 + E2 + E3);

where the constan ts a and b ha v e b een replaced b y the Lamé parameters � and

� , resp ectiv ely . This sho ws that (2.17) for the main axis co ordinate system has

no shear comp onen t of the deformation tensor and no shear stress.
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Using (2.4) for the transformation of tensor comp onen ts, the stress and defor-

mations comp onen ts in an y co ordinate system can b e giv en as

p11 = a2
11P1 + a2

21P2 + a2
31P3 � 11 = a2

11E1 + a2
21E2 + a2

31E3

p22 = a2
12P1 + a2

22P2 + a2
32P3

.

.

.

p12 = a11a12P1 + a21a22P2 + a31a32P3 � 12 = a11a12E1 + a21a22E2

+ a31a32E3

p23 = a12a13P1 + a22a23P2 + a32a33P3
.

.

.

.

.

.

.

.

.

(2.19)

F or the directional cosines it holds that

aik ail = � kl ( SC ):

Using (2.18) in the left equation of (2.19) and using the equations on the righ t

giv es

p11 = 2 �� 11 + � (E1 + E2 + E3)

p22 = 2 �� 22 + � (E1 + E2 + E3)

p12 = 2 �� 12

p23 = 2 �� 23

.

.

.

The relations for shear stress already ha v e the �nal form; those for the normal

stress can b e brough t to the �nal form with the tensor in v arian ts E1 + E2 + E3 =
� 11 + � 22 + � 33 . This concludes the pro of of (2.17).

Expressing � kl in terms of the deriv ativ e of the displacemen t v ector, (2.17) can

b e written in Cartesian co ordinates as

pii = � (
@u1
@x1

+
@u2
@x2

+
@u3
@x3

) + 2 �
@ui
@xi

( no SC !)

pij = � (
@ui
@xj

+
@uj
@xi

) ( i 6= j ):

Equation (2.17) also holds in curv ed, orthogonal co ordinates, lik e cylinder and

spherical co ordinates, resp ectiv ely , if the deformation tensor is giv en in these

co ordinates (compare section 2.1.5). pij refers then to the co ordinate surfaces
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of the corresp onding system. Finally , it should b e noted that pij is usually

understo o d as a stress added to a pre-stressed con�guration.

The assumption that ro c ks and material of the deep Earth are isotropic is of-

ten v alid. The crystals whic h mak e up the ro c k building minerals are, on the

other hand, mostly anisotropic, but if they are randomly orien ted, the material

app ears macroscopically isotropic.

2.4.3. A dditions

Thermo-elastic stress-strain relations

These are examples of relations in whic h stress not only dep ends on deforma-

tion, but also on other parameters, e.g., temp erature ( � = v olume expansion

co e�cien t, T � T0 = temp erature c hange)

pij = � � � ij + 2 �� ij � (� +
2
3

� )� (T � T0)� ij :

Relation b et w een � and � and other elasticit y parameters

E = Y oung's mo dulus

� = P oisson's ratio

k = Bulk mo dulus

� = Rigidit y

E =
� (3� + 2 � )

� + �
� = �

2( � + � ) k = � +
2
3

�

� = � � = �E
(1+ � )(1 � 2� ) � =

E
2(1 + � )

:

In ideal �uids � = � = 0 , there is no resistance to shearing. Then k = � and � =
0:5. Within the framew ork of elasticit y theory , �uids and gases b eha v e iden ti-

cally , but the bulk mo dulus of �uids is signi�can tly larger than that of gases.

Their P oisson's ratio � lies b et w een -1 and 0.5; negativ e � v alues are rare (com-

pare Exercise 2.8). F or ro c ks, � is usually close to 0.25; � = 0.25 means � = � .

Exercise 2.7

Deriv e the form ula for k. k is de�ned as the ratio � p
� in an exp erimen t in whic h

a b o dy is under pressure p from all sides and has the relativ e v olume c hange

� < 0. Describ e the deformation and the stress tensor and then the stress-strain

relation.
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Exercise 2.8

Deriv e the form ula for E and � . E is de�ned as the ratio

p11
� 11

and � is the

ratio � � 22
� 11

in an exp erimen t, in whic h a wire or ro d is under extension force p11

in the 1-direction (� 11 = extension ; � � 22 = p erp endicular con traction ; � 33 =
?; p22 =?; p33 =?) : Pro ceed as in exercise 2.7. What is the meaning of � < 0?

2.5 Equation of motion, b oundary and initial con-

ditions

2.5.1 Equation of motion

Using (2.17) in the equation of motion (2.12), whic h dep ends on pij , this equa-

tion only dep ends on the comp onen ts of the displacemen t v ector

�
@2ui

@t2
= @

@xj
(� � � ij + 2 �� ij ) + f i

= @
@xi

(� �) + @
@xj

h
�

�
@ui
@xj

+ @uj
@xi

�i
+ f i : (2.20)

If � and � are indep enden t of lo cation (homogeneous medium) it follo ws that

�
@2ui

@t2
= �

@�
@xi

+ �
�

@2ui

@x21
+

@2ui

@x22
+

@2ui

@x23
+

@
@xi

�
@u1
@x1

+
@u2
@x2

+
@u3
@x3

��
+ f i

�
@2ui

@t2
= ( � + � )

@�
@xi

+ � r 2ui + f i : (2.21)

This is the e quation of motion for homo gene ous me dia in Cartesian co ordinates.

In sym b olic notation (� = r � �! u )

�
@2ui

@t2
= ( � + � )r r � �! u + � r 2�! u +

�!
f : (2.22)

This is only v alid for Cartesian co ordinates. r 2�! u is the v ector (r 2u1; r 2u2; r 2u3) .

In Cartesian co ordinates

r 2�! u = r r � �! u � r � r � �! u : (2.23)

(V erify that in curv ed orthogonal co ordinates (2.23) de�nes the v ector r 2�! u ,

and it is not iden tical with the v ector, whic h results from the application of r 2

on the comp onen ts.) Inserting (2.23) in (2.22) giv es
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�
@2�! u
@t2

= ( � + 2 � )r r � �! u � � r � r � �! u +
�!
f : (2.24)

This form of the equation of motion is indep enden t of the co ordinate system.

It is the starting p oin t for the follo wing section: according to section 2.3,

�!
f

con tains only the b o dy forces whic h act in addition to those of the forces at rest.

2.5.2 Boundary conditions

On a surface in whic h at least one material parameter �; � or � is discon tin uous,

the stress v ector, relativ e to the normal direction of this surface, is con tin uous.

T o sho w this, consider a small �at circular cylinder of thic kness 2d whic h encloses

the b oundary b et w een the t w o media. The sum of all forces acting on the

cylinder (b o dy forces in the in terior and surface forces on its surface) has to b e

zero.

P1

P2-P2

n

n
-n

Medium 1

Medium 2

2d

Fig. 2.14: Circular cylinder of thic kness 2d enclosing the b oundary b et w een t w o

media.

In the limit d ! 0, only the surface forces on the top and b ottom surface � f ,

ha v e to b e considered

�!
P1� f + ( �

�!
P2)� f = 0 :

F rom this, it follo ws that

�!
P1 =

�!
P2 . This means that at b oundaries normal and

tangential str ess ar e c ontinuous .

F or the displacemen t, it holds that at a solid-solid b oundary , all comp onen ts

are con tin uous (no sliding p ossible). A t a solid-liquid or liquid-liquid b oundary

only the normal displacemen t is con tin uous.

Example : A b o dy consists of t w o half-spaces, separated b y a plane at z = 0 .

The displacemen ts are ux ; uy ; uz ; and the stresses are pxx ; pyy ; pzz ; pxy ; pxz ; pyz .

The b oundary conditions z = 0 for the di�eren t com binations of half-spaces are
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solid � solid : ux ; uy ; uz ; pxz ; pyz ; pzz con tin uous

solid � �uid : uz ; pzz con tin uous ; pxz = pyz = 0
�uid � �uid : uz ; pzz con tin uous

solid � rigid : ux = uy = uz = 0
�uid � rigid : uz = 0

solid � v acuum

�uid � v acuum

:
:

pxz = pyz = pzz = 0
pzz = 0

�
free surface .

If at a surface with the normal v ector ni , the stress is not zero (stress v ector

Pi ), the stress v ector in the b o dy has to acquire this b oundary v alue

p( r )
ij nj = Pi : (2.25)

p( r )
ij are the b oundary v alues of the comp onen ts of the stress tensor at the sur-

face, and they can b e calculated from (2.25).

Example: P(t) on a plane surface. F or the case of pressure

n
....x=0
x

P(t)

Fig. 2.15: Pressure on a plane surface.

�! n = ( � 1; 0; 0) = ( n1; n2; n3)
�!
P = ( P(t); 0; 0) = ( P1; P2; P3) :

Equation (2.25) yields � p( r )
i 1 = Pi or

p11 = pxx = � P(t)
p12 = pxy = 0
p13 = pxz = 0

9
=

;
for x = 0 :

Similarly , displacemen ts can b e prescrib ed on the surfaces of a b o dy .
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2.5.3 Initial conditions

The initial conditions prescrib e the spatial distribution of certain parameters,

in our case the displacemen t ui (x1; x2; x3; t) and the particle v elo cit y @ui =@tfor

t = 0

ui (x1; x2; x3; 0) = f 1(x1; x2; x3);
@ui
@t

(x1; x2; x3; 0) = f 2(x1; x2; x3):

The general w a v e propagation solution is an initial and a b oundary problem,

i.e., in addition to the equation of motion, the b oundary and initial conditions

ha v e to b e satis�ed. Normally in seismological applications f 1 = f 2 = 0 , and

no sp ecial initial conditions ha v e to b e satis�ed. The main problems are then

to consider the b oundary conditions.

2.6 Displacemen t p oten tials and w a v e t yp es

2.6.1 Displacemen t p oten tials

A v ector

�! u can, in general, b e describ ed as

�! u = r � + r �
�!
	 (2.26)

where � is a sc alar p otential and

�!
	 a ve ctor p otential . In our case, where

�! u is

a displacemen t �eld, b oth are called displacemen t p oten tials. (Do not confuse

them with the elastic p oten tial, i.e., the elastic deformation energy .)

� is called c ompr ession p otential and

�!
	 she ar p otential. If the v ector

�! u is

giv en, � and

�!
	 can b e computed (compare exercise 2.9)

� =
1

4�

Z �! u � �! r
r 3 dV

�!
	 =

1
4�

Z �! u � �! r
r 3 dV: (2.27)

V ector

�! r (with absolute v alue r) p oin ts from the v olume elemen t dV to the

p oin t where � and

�!
	 are computed. The in tegration co v ers the whole v olume.

F or

�!
	 , there is the additional requiremen t that

r �
�!
	 = 0 : (2.28)

�!
	 has to b e determined in Cartesian co ordinates.
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r � in (2.26) is called c ompr essional p art of

�! u . It is free of rotation and

curl. A ccording to section 2.1.4, the v olume elemen ts su�er no rigid rotation,

but only a deformation, whic h, in general, consists of a v olume c hange and a

shear comp onen t (in the sense of exercise 2.2; section 2.1). In the main axis

system of the deformation tensor, only v olume c hanges o ccur (compression or

dilatation). The con tribution r �
�!
	 in (2.26) is called she ar c omp onent. It

is free of div ergence and source con tributions; the v olume elemen ts su�er no

v olume c hange, but shear deformation and rigid rotation.

Similarly to (2.26), the b o dy force

�!
f in (2.24) can b e split in to

�!
f = r ' + r �

�!
 : (2.29)

Do not confuse the v ector p oten tials

�!
	 and

�!
 .

Using (2.26) and (2.29) in (2.24) giv es

�

"

r
@2�
@t2

+ r �
@2�!

	
@t2

#

= ( � + 2 � )r r 2� � � r � r � r �
�!
	 + r ' + r �

�!
 :

(2.30)

W e try no w to equate all the gradien t terms and also, separately , the rotation

terms of this equation. If the resulting di�eren tial equations can b e solv ed,

(2.30) and, therefore, (2.24) are satis�ed. This leads to

r
�
�

@2�
@t2

� (� + 2 � )r 2� � '
�

= 0

r �

"

�
@2�!

	
@t2

+ � r � r �
�!
	 �

�!
 

#

= 0 :

Since the con ten t of the square brac k ets has to v anish

r 2� �
1

� 2

@2�
@t2

= �
'

� + 2 �
� 2 =

� + 2 �
�

�r � r �
�!
	 �

1
� 2

@2�!
	

@t2
= �

�!
 
�

� 2 =
�
�

: (2.31)

The p oten tials ' and

�!
 ha v e to b e determined from

�!
f using (2.27). If no

b o dy forces act, ' = 0 and

�!
 = 0 . The equation for � is an inhomogeneous

w a v e equation. In Cartesian co ordinates the comp onen ts of

�!
	 giv e also inho-

mogeneous w a v e equations due to (2.23) and (2.28). In other co ordinates, the

equations for the comp onen ts of

�!
	 lo ok di�eren t (compare exercise 2.10).
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Both simpli�cations used are, as exp erience has sho wn, justi�ed. The problem

can, therefore, b e solv ed either via (2.24) or (2.31). In more complicated cases,

(2.31) is easier to solv e. In this case, the b oundary conditions for displacemen t

and stress ha v e to b e expressed as those for � and

�!
	 .

2.6.2 W a v e t yp es

The general discussion of the di�eren tial equations (2.31) sho ws that they ha v e

solutions whic h corresp ond to waves (for details, see section 3.1). P erturbations

in the compressional part of the displacemen t v ector propagate as c ompr essional

waves with the v elo cit y � = (( � + 2 � )=� )1=2
through the medium. P erturba-

tions in the shear part propagate as shear w a v es with the v elo cit y � = ( �=� )1=2
.

Th us, w e ha v e found the t w o basic w a v e t yp es, whic h can propagate in a solid

medium. F or ro c ks, it usually holds that � = � . In this case, it follo ws that

�=� = 3 1=2
. In liquid or gases, only compressional w a v es ( sound waves ) can

propagate since � = 0 .

Often compressional w a v es are called longitudinal waves and shear w a v es are

called tr ansverse waves . The displacemen t v ector in a longitudinal w a v e is par-

allel to the propagation direction and p erp endicular to it in a transv erse w a v e.

A compressional w a v e is, in general, primarily longitudinally p olarised, and a

shear w a v e is primarily transv ersely p olarised. The iden ti�cation is, therefore,

not fully v alid. There exist sp ecial cases in whic h a compressional w a v e is

transv ersal and a shear w a v e is longitudinal (see section 3.5.1 and exercise 3.5

in c hapter 3).

The seismological names for compressional and shear w a v es are P-waves and

S-waves , resp ectiv ely . This indicates that the P-w a v e is the �rst w a v e arriving

at a station from an earthquak e (P from primary), whereas the S-w a v e arriv es

later (S from secondary).

In a homogeneous medium, compressional w a v es and shear w a v es are de c ouple d ,

i.e., they propagate indep enden tly from eac h other. This no longer holds for in-

homogeneous media in whic h �; � and =or � , and, therefore, � and � , v ary from

p oin t to p oin t. But in this case, usually t w o w a v e t yp es propagate through

the medium, and the tra v el times of their �rst onsets are determined b y the

v elo cit y distribution of � and � , resp ectiv ely . The faster of the t w o w a v es is no

longer a pure compressional w a v e but con tains a shear comp onen t. The slo w er

w a v e is, corresp ondingly , not a pure shear w a v e but con tains a compressional

con tribution. This b ecomes plausible if one appro ximates an inhomogeneous

medium b y piece-wise homogeneous media. Satisfying the b oundary conditions

at the in terfaces b et w een the homogeneous media usually requires, on b oth sides,

the existence of compressional and shear w a v es. Details on this will b e giv en

in section 3.6.2. Compressional and shear w a v es whic h are decoupled in ho-

mogeneous sections of the medium, create re�ected and refracted w a v es of the

other t yp e, resp ectiv ely , at in terfaces. This c hange in w a v e t yp e o ccurs con tin-

uously in con tin uous media and is stronger the stronger the c hanges in �; �;
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and/or � p er w a v e length are. The theory for con tin uous inhomogeneous media

is m uc h more complicated then the theory for piece-wise homogeneous media.

Media in whic h �; � and � dep end only on one co ordinate, e.g., depth, can,

for man y seismological applications, b e appro ximated b y la y ers of homogeneous

media. F or suc h con�gurations, e�ectiv e metho ds for the use of computers exist.

Exercise 2.9

Sho w (2.27) b y comparing (2.26) with the equation

r 2�! a = r r � �! a � r � r � �! a

and consider, that the P ossion equation r 2�! a = �! u has (in Cartesian co ordi-

nates) the solution

�! a = �
1

4�

Z
�! u

1
r

dV:

Exercise 2.10

W rite (2.26) in cylindrical co ordinates (r; '; z ) under the condition that the

medium is cylindrically symmetric, and the ' -comp onen t of

�! u is zero (	 r =
	 z = 0) . What is the form of (2.31) for v anishing b o dy forces?

Exercise 2.11

Sho w that in a liquid with constan t densit y � , but v ariable compressional mo dule

k and pressure p, satis�es the w a v e equation r 2p = 1
� 2

@2 p
@t2 with spatially v arying

sound v elo cit y � = ( k=� )1=2
.

Hin t: Deriv e from the equation of motion (2.12) without b o dy forces, the equa-

tion �@2�! u =@t2 = �r p and apply then the div ergence op eration i.e. (p =
� k r � �! u ) .
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Chapter 3

Bo dy w a v es

3.1 Plane b o dy w a v es

The most simple t yp es of w a v es can b e deriv ed, if for an un b ounded medium

(full-space), solutions of the equation of motion are determined whic h dep end

only on one spatial co ordinate. F or example, w e lo ok for a solution of (2.21)

or (2.24) in the form of

�! u = ( ux (x; t ); 0; 0), i.e.,

�! u p oin ts in x -direction and

dep ends only on x and the time t . Alternativ ely , w e lo ok for a solution in the

form of

�! u = (0 ; uy (x; t ); 0) , i.e.,

�! u p oin ts in y -direction and dep ends also only

on x and t . In the �rst case, it follo ws from (2.21) for f i = 0

@2ux

@x2
=

1
� 2

@2ux

@t2
; � 2 =

� + 2 �
�

;

and in the second case,

@2uy

@x2
=

1
� 2

@2uy

@t2
; � 2 =

�
�

:

These are one dimensional wave e quations. In the follo wing, w e consider the

general form

@2u
@x2

=
1
c2

@2u
@t2

: (3.1)

The most general solution of this equation is

u(x; t ) = F (x � ct) + G(x + ct); (3.2)

39



40 CHAPTER 3. BOD Y W A VES

where F(x) and G(x) are an y t wice di�eren tiable functions (c hec k that (3.2)

solv es (3.1)). Another form is

u(x; t ) = F
�

t �
x
c

�
+ G

�
t +

x
c

�
: (3.3)

The �rst and the second term in (3.2) and (3.3) ha v e to b e in terpreted as w a v es

propagating in the p ositiv e and negativ e x -direction, resp ectiv ely . F or example,

the �rst term in (3.3) for x = x1 can b e written as

u(x1; t) = F
�

t �
x1

c

�
= F1(t):

F or another distance x2 > x 1

u(x2; t) = F
�

t �
x2

c

�
= F

�
t �

x2 � x1

c
�

x1

c

�
= F1

�
t �

x2 � x1

c

�
:

This means that for time t at distance x2 the same e�ects o ccur as at distance

x1 at the earlier time t � (x2 � x1)=c: This corresp onds to a w a v e whic h has

tra v elled from x1 to x2 in the time (x2 � x1)=c. The pr op agation velo city is,

therefore, c . The wavefr onts of this w a v e, i.e., the surfaces b et w een p erturb ed

and unp erturb ed regions, are the planes x = const. Therefore, these are plane

w a v es. If G(x) in (3.2) or G(t) in (3.3) are not zero, t w o plane w a v es propagate

in opp osite directions.

In the case of u = ux , w e ha v e a longitudinal w a v e (p olarisation in the direction

of propagation); in case of u = uy , w e ha v e a transv erse w a v e (p olarisation

p erp endicular to the direction of propagation).

Harmonic waves can b e represen ted as

u(x; t ) = A exp
h
i! (t �

x
c

)
i

= A exp [i (!t � kx)]

with A= Amplitude (real or complex), ! = angular frequency � = != 2� = fre-

quency , T = 1 =� = p erio d, k = !=c = w a v en um b er and � = 2 �=k = w a v e length.

Bet w een c; � and � the w ell-kno wn relation c = � � holds. The use of the com-

plex exp onen tial function in the description of plane harmonic w a v es is more

con v enien t than the use of the real sine and cosine functions. In the follo wing,

only the exp onen tial function will b e used.

3.2 The initial v alue problem for plane w a v es

W e lo ok for the solution of the one-dimensional w a v e equation (3.1) whic h sat-

is�es the initial conditions
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u(x; 0) = f (x) for displacemen t and

@u
@t

(x; 0) = g(x) for particle v elo cit y .

This is an initial v alue problem of a linear or dinary di�eren tial equation, e.g.,

the problem to determine the mo v emen t of a p endulum, if initial displacemen t

and initial v elo cit y are giv en. W e start from (3.2). F or t=0 , it also holds that

F (x) + G(x) = f (x) (3.4)

� cF0(x) + cG0(x) = g(x): (3.5)

In tegrating (3.5) with resp ect to x, giv es

F (x) � G(x) = �
1
c

Z x

�1
g(� )d�: (3.6)

F rom the addition of (3.4) and (3.6), it follo ws that

F (x) =
1
2

�
f (x) �

1
c

Z x

�1
g(� )d�

�
;

and from the subtraction of these t w o equations that

G(x) =
1
2

�
f (x) +

1
c

Z x

�1
g(� )d�

�
:

F rom this, it follo ws that

u(x; t ) =
1
2

f f (x � ct) + f (x + ct)g +
1
2c

Z x + ct

x � ct
g(� )d�:

This solution satis�es the w a v e equation and the initial conditions (c hec k). W e

will discuss two sp e cial c ases .

3.2.1 Case 1

g(x) = 0 , i.e., the initial v elo cit y is zero. Then

u(x; t ) =
1
2

f f (x � ct) + f (x + ct)g :
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T w o snap shots (Fig. 3.1) for t=0 and for t>0, illustrate this result.

u(x,0)

ct ct

u(x,t)

x

x

f(x)

f(x+ct) f(x-ct)

t=0

t>0

Fig. 3.1: Snap shots of t w o plane w a v es.

T w o plane w a v es propagate from the p oin t of excitation in b oth directions with

the v elo cit y c . A practical example is a stretc hed rop e with the form f (x) for

t=0 .

3.2.2 Case 2

f (x) = 0 , i.e., the initial displacemen t is zero. F urthermore, w e assume g(x) =
V0� (x) . � (x) is Dir ac's delta function (see app endix A.3). g(x) corresp onds to

an �impulse� at x = 0 . V0 has the dimension of v elo cit y times length. Then

u(x; t ) =
V0

2c

Z x + ct

x � ct
� (� )d�:

The sk etc h (Fig. 3.2) sho ws the v alue of the in tegrand and the in tegration

in terv al for a �xed p oin t in time t > 0 and for a lo cation x > 0.
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Fig. 3.2: V alue of the in tegrand and the in tegration in terv al of u(x,t).

Only when the in tegration in terv al includes the p oin t � = 0 , do es the in tegral

b ecome non-zero. Then it alw a ys has the v alue of 1

u(x; t ) =

8
><

>:

V0
2c H (t � x

c ) for x>0

V0
2c H (t + x

c ) for x<0

H (t) is the He aviside step function , H (t) = 0 for t < 0, H (t) = 1 for t � 0:

The displacemen t jumps at t = jxj =c from zero to the v alue V0=2c:

3.3 Simple b oundary v alue problems for plane

w a v es

The simplest b oundary v alue problem is to determine the displacemen t within

a half-space for a time dep enden t pressure P(t) at the surface x = 0 of this

half-space. Since the displacemen t

�! u only has an x- comp onen t, ux and since x

is the only explicit spatial co ordinate, the one-dimensional w a v e equation (3.1)

for a plane compressional w a v e is applicable

@2ux

@x2
=

1
� 2

@2ux

@t2
:

The solution for the case considered here is

ux (x; t ) = F
�

t �
x
�

�
;
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since a w a v e can only propagate in + x -direction. F unction F (t) has to b e

determined from the b oundary condition that the stress v ector adapts without

jump to the imp osed stress v ector at the free surface x = 0 (compare (2.25) and

in section 2.5.2)

pxx = � P(t) and pxy = pxz = 0 for x = 0 :

The stress-strain relation (2.17) giv es �rst, that pxy and pxz are zero ev erywhere

in the medium, and second that

pxx = ( � + 2 � )
@ux
@x

= �
� + 2 �

�
F 0

�
t �

x
�

�
= � ��F 0

�
t �

x
�

�
:

F or x = 0 , it follo ws that

� ��F 0(t) = � P(t)

and after in tegration

F (t) =
1

��

Z t

�1
P(� )d� =

1
��

Z t

o
P(� )d�:

F or this, w e assumed that P(t) = 0 for t < 0. Then, the displacemen t can b e

written as

u(x; t ) =
1

��

Z t � x=�

0
P(� )d�:

The displacemen t is prop ortional to the time in tegral of the pressure on the

surface of the half-space. If a short impulse P(t) = P0� (t) acts, it follo ws that,

ux (x; t ) =
P0

��
H

�
t �

x
�

�
:

P0 has the dimension pressure times time (see also app endix A, section A.3.1).

A t the time t = x=� , all p oin ts in the half-space are displaced instan tly b y

P0=�� in + x -direction and remain �xed in this p osition. F or P0 = 1 bar sec =
9:81 Nsec =cm

2 � 106
dyn sec =cm

2
, � = 3 g =cm

3
and � = 6 km =sec the displace-

men t is appro ximately 0.5 cm.

This b oundary v alue problem is simple enough so that it could b e solv ed directly

with the equation of motion (2.21) or (2.24). One could ha v e also w ork ed with
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displacemen t p oten tials � and

�!
	 and their di�eren tial equations (2.31) (sho w).

Exercise 3.1

The tangen tial stress T(t) acts on the surface of a half-space. What is the

displacemen t in the half-space? Application: The tangen tial stress on the rup-

ture surface of earthquak es is 50 bar = 50 � 106
dyn =cm

2
(stress drop). What is

the particle v elo cit y (on the rupture surface) for ( � = 3 g =cm

3; � = 3 :5 km =sec )?

Exercise 3.2

An elastic la y er of thic kness H o v erlies a rigid half-space. Pressure P(t) acts on

the top of the elastic la y er. What is the mo v emen t in the la y er? Examine the

case P(t) = P0� (t) .

Exercise 3.3

Solv e the static problem of exercise 3.2 (constan t pressure P1 on the surface).

3.4 Spherical w a v es from explosion p oin t sources

In the previous sections, w e considered in�nitely extended w a v es. They are

an idealisation, b ecause they cannot b e pro duced in realit y since they require

in�nitely extended sources. The most simple w a v e t yp e from sources with �-

nite extension are spheric al waves , i.e., w a v es whic h originate at a p oin t ( p oint

sour c e ) and propagate in the full-space. Their w a v efron ts are spheres.

In the most simple case, the displacemen t v ector is r adial ly orien ted and also

r adial ly symmetric relativ e to the p oin t source, i.e., the radial displacemen t on

a sphere around the p oin t source is the same ev erywhere. If a spherical explo-

sion in a homogeneous medium far from in terfaces is triggered, the resulting

displacemen t has these t w o prop erties. Therefore, w e call these explosions p oint

sour c es . The results deriv ed with the linear elasticit y theory can only b e applied

to spherical w a v es from explosions in the distance range in whic h the prerequi-

sites of the theory (in�nitesimal deformation, linear stress-strain relation) are

satis�ed. In the plastic zone , the shatter e d zone and the non-line ar zone (this is

a rough classi�cation with increasing distance from the cen tre of the explosion)

these requiremen ts are not met. F or a n uclear explosion of 1 Megaton TNT

equiv alen t (appro ximately m b = 6.5 to 7.0), the shattered zone is roughly 1 to

2 km wide.

W e plan to solv e the follo wing b oundary problem: giv en the radial displacemen t

at distance r = r1 from the p oin t source U(r1; t) = U1(t) , w e w an t to �nd U(r; t )
for r > r 1 .

W e start from the equation of motion (2.24) with

�!
f = 0 . This is ho w the

problem is solv ed in app endix A (app endix A.2.2) using the Laplace transform.
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Here, more simply , the displacemen t p oten tial from section 2.6 will b e used. In

this case, the shear p oten tial is zero, since a radially symmetric radial v ector

can b e deriv ed solely from the compressional p oten tial

�( r; t ) =
Z r

U(r 0; t)dr0:

In spherical co ordinates ( r; #; � ), it holds that

r � =
�

@�
@r ;

1
r

@�
@#;

1
r sin #

@�
@�

�
= ( U(r; t ); 0; 0):

F or � , the w a v e equation with ' = 0 can b y written according to (2.31) as

r 2� =
@2�
@r2

+
2
r

@�
@r

=
1
r

@2(r �)
@r2

=
1

� 2

@2�
@t2

@2(r �)
@r2

=
1

� 2

@2(r �)
@t2

: (3.7)

In the case of radial symmetry , the w a v e equation can b e reduced to the form

of a one-dimensional w a v e equation for Cartesian co ordinates for the function

r � ,

@2u
@x2

=
1

� 2

@2u
@t2

;

.

The most general solution for (3.7) is ,therefore,

�( r; t ) =
1
r

n
F (t �

r
�

) + G(t +
r
�

)
o

:

This describ es the sup erp osition of t w o compressional w a v es, one propagating

out w ard from the p oin t source and the other propagating in w ards to w ards the

p oin t source. In realistic problems, the second term is alw a ys zero and

�( r; t ) =
1
r

F
�

t �
r
�

�
: (3.8)

F unction F (t) is often called the excitation function or reduced displacemen t

p oten tial. The w a v efron ts are the spheres r = const. The p oten tial as a

function of time has the same form ev erywhere, and the amplitudes decrease

with distance as 1=r . The radial displacemen t of the spherical w a v e consists of

t w o con tributions with di�eren t dep endence on r
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U(r; t ) =
@�
@r

= �
1
r 2 F

�
t �

r
�

�
�

1
r�

F 0
�

t �
r
�

�
: (3.9)

These t w o terms, therefore, c hange their form with increasing distance. Gen-

erally , this holds for the displacemen t of w a v es from a p oin t source. The �rst

term in (3.9) is called ne ar-�eld term since it dominates for su�cien tly small r .

The second term is the far-�eld term and describ es with su�cien t accuracy the

displacemen t for distances from the p oin t source whic h are larger then sev eral

w a v e lengths (sho w this for F (t) = ei!t
). That means there the displacemen t

reduces prop ortional to 1=r .

F rom the b oundary condition r = r1 , it follo ws that

�
1

r1�
F 0

�
t �

r1

�

�
�

1
r 2

1
F

�
t �

r1

�

�
= U1(t):

W e c ho ose the origin time so that U1(t) only b egins to b e non-zero for t = r1=� .

It, therefore, app ears as if the w a v e starts at time t = 0 at the p oin t source

( r = 0 ). If U1
�
t � r 1

�

�
= U1(t) , it holds that U1(t) is already non-zero for t > 0.

With � = t � r 1
� , it follo ws that

1
r1�

F 0(� ) +
1
r 2

1
F (� ) = � U1(� ): (3.10)

The solution of (3.10) can b e found with the Laplace transform (see section

A.2.1.1 of app endix A).

Since the criterion (A.16) of app endix A is satis�ed for all ph ysically realis-

tic displacemen ts U1(� ) , the initial v alue F (+0) of F (� ) is zero. Therefore,

transformation of (3.10)with F (� )  ! f (s) and U1(� )  ! u1(s) giv es

1
r1

�
s
�

+
1
r1

�
f (s) = � u1(s)

f (s) = � r1�
1

s + �
r 1

u1(s) : (3.11)

With

�
s + �

r 1

� � 1
 ! e� �

r 1
�

(see app endix A, section A.1.4), and using con-

v olution (see app endix A, equation A.7), the in v erse transformation of (3.11)

reads as

F (� ) = � r1�
Z �

0
U1(#)e� �

r 1
( � � # ) d#:

F rom this, it follo ws
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F 0(� ) = � r1� U1(� ) + � 2
Z �

0
U1(#)e� �

r 1
( � � # )d#:

The radial displacemen t for r > r 1 then can b e written using (3.9) as

U(r; t ) =
r1

r

�
U1(� ) + �

�
1
r

�
1
r1

� Z �

0
U1(#)e� �

r 1
( � � # )d#

�
(3.12)

with the r etar de d time � = t � r
� . This solv es the b oundary problem.

Applications

1. U1(t) = U0�
�
t � r 1

�

�
; i :e :; U1(t) = U0� (t):

The dimension of U0 is time times length. Equation (3.12) is v alid also in

this case (see app endix A)

U(r; t ) =
r1

r
U0

�
� (� ) + �

�
1
r

�
1
r1

�
e� �

r 1
� H (� )

�
:

(t=r/ a )
t

t=0 

Fig. 3.3: U(r,t) as a function of time.

2. U1(t) = U0H
�
t � r 1

�

�
; i :e : U1(t) = U0H (t):

The dimension of U0 is length. F rom (3.12), it follo ws

U(r; t ) =
r1

r
U0

�
H (� ) + �

�
1
r

�
1
r1

�
e� �

r 1
�

hr1

�
e

�
r 1

#
i #= �

#=0
H (� )

�

=
r1

r
U0H (� )

n
1 +

� r1

r
� 1

� �
1 � e� �

r 1
�
�o

=
r1

r
U0H (� )

n r1

r
+

�
1 �

r1

r

�
e� �

r 1
�
o

:
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r12

r 2 U0

U0
r1
r

tt=0

Fig. 3.4: U(r,t) as a function of time.

Exercise 3.4

Pressure P(t)
�
P(t) = 0 for t < r 1

�

�
acts in a spherical ca vit y with radius r1 .

What is the di�eren tial equation for the excitation function F (t) (analogue to

3.10)? In the case of radial symmetry , the radial stress prr is connected to the

radial displacemen t U as (sho w)

prr = ( � + 2 � )
@U
@r

+ 2 �
U
r

:

Whic h frequencies are preferably radiated (eigen vibrations of the ca vit y)? This

can b e deriv ed / seen from the di�eren tial equation without solving it (compare

to the di�eren tial equation of the mec hanical oscillator, see app endix A.2.1.1).

Solv e the di�eren tial equation of P(t) = P0� (t � r1=� ):

3.5 Spherical w a v es from single force and dip ole

p oin t sources

3.5.1 Single force p oin t source

A single force in the cen tre of a Cartesian co ordinate system acting in z-direction

with a force-time la w K (t) has the force densit y (compare app endix A.3.3)

�!
f = (0 ; 0; � (x) � (y) � (z) K (t)) :
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y

z

x

K(t)

Fig. 3.5: Cartesian co ordinate system with force-time la w K (t) .

The separation

�!
f = r ' + r �

�!
 is p ossible with the help of (2.27)

' (x; y; z; t ) =
1

4�

ZZZ + 1

�1

1
r 03 (z � � )� (� )� (� )� (� )K (t)d�d�d�

=
K (t)z
4�r 3 ; r 2 = x2 + y2 + z2

(3.13)

�!
 (x; y; z; t ) =

1
4�

ZZZ + 1

�1

1
r 3 f� (y � � ); x � �; 0g� (� )� (� )� (� )K (t)d�d�d�

=
K (t)
4�r 3 (� y; x; 0): (3.14)

If (3.13) and (3.14) are used in the di�eren tial equation (2.31) of the displace-

men t p oten tials, it follo ws that for the shear p oten tial

�!
	 = (	 x ; 	 y ; 	 z) 	 z =

0 and that for 	 x and 	 y , due to (2.23) and (2.28), the follo wing w a v e equations

hold; the same is true for the compression p oten tial �

r 2� �
1

� 2

@2'
@t2

= �
K (t)z

4��� 2r 3

r 2	 x �
1

� 2

@2	 x

@t2
=

K (t)y
4��� 2r 3

r 2	 y �
1

� 2

@2	 y

@t2
= �

K (t)x
4��� 2r 3 :

The solution of the inhomogeneous w a v e equation
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r 2a �
1
c2

@2a
@t2

= f (x; y; z; t )

can for v anishing initial conditions, b e written as

a(x; y; z; t ) = �
1

4�

ZZZ + 1

�1

1
r 0f

�
�; �; �; t �

r 0

c

�
d�d�d� (3.15)

with

r 02 = ( x � � )2 + ( y � � )2 + ( z � � )2:

Equation (3.15) is Kir chho� 's Equation for an in�nite medium. It is the ana-

logue to the w ell-kno wn P oisson's di�eren tial equation whic h is also a v olume

in tegral o v er the p erturbation function (compare exercise 2.9). Equation (3.15)

can also b e computed in non-Cartesian co ordinates, something w e no w use.

Application of the w a v e equation for �

W e in tro duce the spherical co ordinates (r 0; #; � ) relativ e to p oin t P . � is de�ned,

see sk etc h, via an additional Cartesian co ordinate system ( x; y; z ).

Fig. 3.6: A dditional Cartesian co ordinate system ( x; y; z ).

The x -axis of of this co ordinate system is iden tical to the line OP . The z -axis is

in the plane de�ned b y the zand� -axis and the line OP . Then the z; � -axis has

then in the x � y � z -system the direction of the unit v ector

�! n = (cos 
; 0; sin 
 ) =

(
z
r

; 0;
�

1 �
z2

r 2

� 1
2
)

:
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V ector

�!
r 00

from O to Q can b e written in the same system as

�!
r 00 = ( r � r 0cos#; r 0sin# sin �; r 0sin# cos� ):

These t w o v ectors are needed later. Equation (3.15) can for � then b e written

as

�( x; y; z; t ) =
1

16� 2�� 2

Z 1

0

Z �

0

Z 2�

0

�
r 003 �

K
�

t � r 0

�

�

r 0 � r 02 sin# d� d# dr 0:

W e still m ust express � and r 00
in terms of r 0; # and �

� =
�!
r 00 � �! n =

z
r

(r � r 0cos#) +
�

1 �
z2

r 2

� 1
2

r 0sin# cos�

r 002 = r 2 + r 02 � 2rr 0cos# ( rule of cosine ):

This giv es

�( x; y; z; t ) =
1

16� 2�� 2

Z 1

0

Z �

0

Z 2�

0

z
�

1 � r 0

r cos#
�

+ r 0
�

1 � z2

r 2

� 1
2

sin# cos�

r 3
�
1 + r 02

r 2 � 2 r 0

r cos#
� 3

2

�K
�

t �
r 0

�

�
� r 0sin# d� d# dr 0:

The part of the in tegrand with cos� do es not con tribute to the in tegration o v er

� . The other part has only to b e m ultiplied b y 2� . With a = r=r 0
and

Z �

0

(1 � a cos#) sin #

(1 + a2 � 2a cos#)
3
2

d# =
Z (1+ a)2

(1 � a)2

1 + 1
2 (u � 1 � a2)

2au
3
2

du

=
1
4a

Z (1+ a)2

(1 � a)2

�
1

u
1
2

+
1 � a2

u
3
2

�
du

=
1
4a

n
2u

1
2 + 2( a2 � 1)u� 1

2

o (1+ a)2

(1 � a)2

=
1
2a

f 1 + a � j 1 � ajg

+
1
2a

�
(a + 1)( a � 1) �

�
1

1 + a
�

1
1 � a

��

=
�

2 for 0 < a < 1
0 for a > 1

u = 1 + a2 � 2a cos#
du = 2 a sin#d#
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it follo ws that

�( x; y; z; t ) =
z

4��� 2r 3

Z r

0
r 0K

�
t �

r 0

�

�
dr0

=
z

4��r 3

Z r
�

0
K (t � � )�d�:

The w a v e equations for 	 x and 	 y are solv ed in a similar fashion. Therefore,

it is p ossible to write the p oten tials of the single force p oin t source as

�( x; y; z; t ) = z
4��r 3

R r
�

0 K (t � � )�d�

	 x (x; y; z; t ) = � y
4��r 3

R r
�

0 K (t � � )�d�

	 y (x; y; z; t ) = x
4��r 3

R r
�

0 K (t � � )�d�

	 z(x; y; z; t ) = 0

with

r 2 = x2 + y2 + z2:

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

(3.16)

Before w e deriv e the displacemen ts, w e c hange to spherical co ordinates (r; #; � )
relativ e to the single force p oin t source

l

r

P

u

x
y

z

K(t)

Fig. 3.7: Spherical co ordinates (r; #; � ) .
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x = r sin# cos�

y = r sin# sin�

z = r cos#:

In spherical co ordinates, the shear p oten tial has no r - and # -comp onen t (sho w),

and for the � -comp onen t it holds that

	 � = � 	 x sin� + 	 y cos�:

Yy

Yx

x

y

l

Fig. 3.8: x-y-plane of Fig. 3.7.

This giv es

�( r; #; t ) = cos #
4��r 2

R r
�

0 K (t � � )�d�

	 � (r; #; t ) = sin #
4��r 2

R r
�

0 K (t � � )�d�:

9
>=

>;
(3.17)

This equation do es not dep end on � . The displac ement ve ctor

�! u = r � + r �
�!
	 can b e written in spherical co ordinates (sho w) as

ur = @�
@r + 1

r sin #
@

@#(sin #	 � )

u# = 1
r

@�
@# � 1

r
@

@r(r 	 � )

u� = 0 :

9
>>>>=

>>>>;

(3.18)
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This sho ws that the P -w a v e follo wing from � is not purely longitudinal, but it

con tains a transv erse comp onen t ( in u# ) . Similarly , the S -w a v e follo wing from

	 � is not purely transv erse since ur con tains a shear comp onen t. The �rst term

in u# and the second in ur are ne ar �eld terms (compare exercise 3.5). Here

w e compute only the far-�eld terms of ur and u# ( only di�eren tiation of the

in tegrals in(3.17))

ur ' cos #
4��� 2 r K

�
t � r

�

�
( longitudinal P � w a v e )

u# ' � sin #
4��� 2 r K

�
t � r

�

�
( transv ersal S � w a v e ):

9
>=

>;
(3.19)

The far-�eld displacemen ts ha v e, therefore, the form of the force K (t) decreasing

with 1=r . The single force p oin t source has directionally dep enden t radiation,

and the far-�eld r adiation char acteristics are sho wn in Fig. 3.9.

Fig. 3.9: F ar �eld radiation c haracteristics of single force p oin t source.

The radiation c haracteristics (P- and S-w a v es) are eac h t w o circles. Those for

the S -w a v es ha v e a radius whic h is � 2=� 2
larger then those of the P-w a v es. If

the r adiation angle # is v aried for �xed r , the displacemen ts ur are prop ortional

to the distance OP1 , and the displacemen ts u# are prop ortional to the distance

OP2 . The sign of the displacemen t ur c hanges in transition from the �rst P -

radiation circle to the second. The full 3-D radiation c haracteristics follo ws

from that sho wn in Fig. 3.9 b y rotation around the direction of the force.

Within the framew ork of the far-�eld equations (3.19), no S -w a v e is radiated in

the direction of the force, and p erp endicular to it, no P -w a v e is radiated (but

compare exercise 3.5).

The practical use of the single force p oin t source, acting p erp endicular on the

free surface, is that it is a go o d mo del for the e�ect of a dr op weight , excitation

b y vibr o-seis and often also for explosions detonated close to the surface. A

complete solution requires the consideration of the e�ects of the free surface,

but that is signi�can tly more complicated. F urthermore, the di�erences to the
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full-space mo dels for all P -w a v es and for S -w a v es, for radiation angles smaller

then 30 to 40 degrees, are small, resp ectiv ely .

Exercise 3.5

Compute the complete displacemen t (3.18) using (3.17) and examine in partic-

ular, the directions # = 0 and # = 900
. Whic h p olarisation do es the displace-

men t v ector ha v e, and at whic h times are arriv als to b e exp ected? Compute for

K (t) = K 0H (t) the static displacemen t (t > r=� ):

3.5.2 Dip ole p oin t sources

A force dip ole can b e constructed from t w o opp osing single forces whic h are

acting on t w o neigh b ouring p oin ts. Fig. 3.10 sho ws, on the left, a dip ole with

moment for whic h the line connecting the forces is p erp endicular to the direction

of the force. The connecting line for a " dip ole without moment " p oin ts in the

direction of the force.

Fig. 3.10: Single couple and double couple constructed from single forces.

T w o dip oles with momen t for whic h the sum o v er the momen ts is zero (righ t

in Fig. 3.10), are a go o d mo del for man y earthquak e sources, i.e., in the case

where the spatial radiation of earthquak e w a v es of su�cien tly large w a v e length

is similar to that of a double couple mo del. The actual pro cesses acting in the

earthquak e source are naturally not four single forces. Usually , the ro c k breaks

along a surface if the shear strength is exceeded b y the accum ulation of shear

stress ( she ar ruptur e ). Another p ossibilit y is that the shear stress exceeds the

static friction on a pre-existing rupture surface. Source mo dels from single forces

and dip oles are only e quivalent p oint sour c es.

In the follo wing, w e deriv e the far-�eld displacemen t of the single couple mo del

and giv e the results for the double couple mo del. W e start from the single

couple (with x0 6= 0 ) in Fig. 3.11 and compute �rst from (3.19) the P -w a v e
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displacemen t of force K (t) with Cartesian comp onen ts cos# = z=r; r 2 = ( x �
x0)2 + y2 + z2

ux

uy

uz

9
=

;
= z

4��� 2 r 2 K
�
t � r

�

�
�

8
<

:

(x � x0)=r
y=r
z=r:

x0

-K(t)

K(t)
u

l

P(x,y,z)

r

y

z

xe

Fig. 3.11: Single couple mo del.

The displacemen ts u0
x ; u0

y ; u0
z of force � K (t) with the t w o neigh b ouring p oin ts of

action shifted b y � , can b e determined using the T a ylor expansion of ux ; uy ; uz

at the source co ordinate x0 and truncating after the linear term. This leads, for

example, to

u0
x = �

�
ux +

@ux
@x0

�
�

:

The single couple displacemen t then follo ws b y sup erp osition

u00
x = ux + u0

x = �
@ux
@x0

�:

T o obtain the far-�eld displacemen t requires only the di�eren tiation of the force

K (t � r=� ) with resp ect to r , and additional di�eren tiation @r=@x0 = � (x �
x0)=r: The other terms with x0 con tribute only to the near �eld, the amplitude

of whic h decreases faster then 1/r. This leads to

u00
x = �

z
4��� 2r 2 K 0

�
t �

r
�

� � 1
�

� (x � x0)
r

�
x � x0

r
:
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The y - and z -displacemen t are treated similarly . Therefore,

u00
x

u00
y

u00
z

9
=

;
= � z(x � x 0 )

4��� 3 r 3 K 0
�
t � r

�

�
� �

8
<

:

(x � x0)=r
y=r
z=r:

(3.20)

As exp ected, the P -displacemen t of the single couple is also longitudinal.

The force dip ole is de�ned strictly b y the limit � ! 0, com bined with a sim ul-

taneous increase of K (t) , so that

lim
� ! 0

K (t) � = M (t)

remains �nite (but non-zero). M (t) is called moment function of the dip ole

with the dimensions of a rotational momen t.

F rom (3.20) with z=r = cos# and (x � x0)=r = sin # cos� , it follo ws that the

P -w a v e displacemen t of the single couple in r -direction is

ur = �
cos# sin# cos�

4��� 3r
M 0

�
t �

r
�

�
:

In concluding, w e no w assume that x0 = 0 . F or the S -w a v e, it follo ws similarly

u# =
sin# sin# cos�

4��� 3r
M 0

�
t �

r
�

�
:

As for the single force, the azim uthal comp onen t is zero. The follo wing sho ws

the results for the single couple and the radiation in the x � z -plane (y = 0)

y

z

x

r

l
u

P

Fig. 3.12: Single couple in the x-z-plane.
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ur = � sin 2 # cos �
8��� 3 r M 0

�
t � r

�

�

u# = sin 2 # cos �
4��� 3 r M 0

�
t � r

�

�

u� = 0 :

9
>>>>>=

>>>>>;

(3.21)

-+
- +

z

x

S

P

Fig. 3.13: F ar �eld displacemen t of a single couple.

The ratio of the maxim um S -radiation (for # = 900
) to the maxim um P -

radiation (for # = 450
) is ab out 10, if � � �

p
3. The radiation c haracteristics

in planes other then y = 0 follo w from the one sho wn b y m ultiplication with

cos� . Plane x = 0 is a no dal plane for P - as w ell as for S -radiation; the plane

z = 0 is one only for P .

The far-�eld displacemen ts for a double couple in the x� z -plane are (see exercise

3.6)

y

z

x

r

l
u

P

Fig. 3.14: Double couple in the x-z-plane.
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ur = � sin 2 # cos �
4��� 3 r M 0

�
t � r

�

�

u# = � cos 2# cos �
4��� 3 r M 0

�
t � r

�

�

u� = cos # sin �
4��� 3 r M 0

�
t � r

�

�
:

9
>>>>>>=

>>>>>>;

(3.22)

The momen t function in (3.22) is that of one of the t w o dip oles of the double

couple. The radiation c haracteristics in the x � z -plane are sho wn in Fig. 3.15.

P
S-+

- +

z

x

Fig. 3.15: F ar �eld displacemen t of a double couple.

The P -radiation of the double couple has the same form as that of a single

couple but is t wice as large; the ratio of the maxim um radiation of S to P is

no w ab out 5 (for � � �
p

3). P -no dal planes are the planes with x = 0 and

z = 0 . The S -w a v e has no no dal planes, but only no dal directions (whic h?).

An (in�nitesimal) she ar ruptur e , either in the plane z = 0 with relativ e dis-

placemen t in x -direction or in the plane x = 0 with relativ e displacemen t in

z -direction, radiates w a v es as a double couple, i.e., (3.22) holds. A shear rup-

ture or earthquak e, therefore, radiates no P -w a v es in the direction of its rupture

and p erp endicular to it. If, b y using the distributions of the signs of �rst motion

of the P w a v e, the t w o no dal planes ha v e b een determined, the t w o p ossible rup-

ture surfaces are found. The determination of the P -no dal plane of earthquak es
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( fault plane solution ), is an imp ortan t aid in the study of source pro cesses as

w ell as the study of large-scale tectonics of a source region. Often the decision

b et w een the t w o options for the rupture surface can b e made based on geological

argumen ts.

The momen t function of an earthquak e with a smo oth rupture, is, to a go o d

appro ximation, a step function with non-v anishing rise time T and �nal v alue

M 0 , the moment of the earthquak e (see Fig. 3.16). The far-�eld displacemen ts

are then, according to (3.22), one-sided impulses.

0M

M'

t

t

T

T0

0

M

Fig. 3.16: Momen t function and far-�eld displacemen t of a smo oth rupture.

Propagation e�ects in la y ered media, e.g., the Earth's crust, can c hange the

impulse form. In realit y , the displacemen ts lo ok v ery often di�eren t, relativ e to

the one sho wn here, due to complicated rupture pro cesses.

Exercise 3.6

Deriv e the double couple displacemen t ur in (3.22) from the corresp onding single

couple displacemen t in (3.21). Use equation (3.20) in Cartesian co ordinates.
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3.6 Re�ection and refraction of plane w a v es at

plane in terfaces

3.6.1 Plane w a v es with arbitrary propagation direction

In sections 3.1 to 3.3 plane w a v es tra v elling in the direction of a co ordinate axis

w ere used. In the follo wing, w e need plane w a v es with an arbitrary direction of

propagation. They can b e describ ed b y the follo wing p oten tials

� = A exp

"

i!

 

t �
�! x

�!
k

�

!#

(3.23)

�!
	 = B exp

"

i!

 

t �
�! x

�!
k

�

!#
�! n : (3.24)

Their v ariation with time is also harmonic. This assumption is su�cien t for

most conclusions. A and B are constan t,

�!
k and

�! n are constan t unit v ectors,

�! x is the lo cation v ector, ! is the angular frequency and i the imaginary unit.

� and the comp onen ts of

�!
	 satisfy the w a v e equation (please con�rm)

r 2� =
1

� 2

@2�
@t2

; r 2	 j =
1
� 2

@2	 j

@t2
( Cartesian co ordinates ):

Since, according to (3.23) and (3.24), the mo v emen t at all times and lo cations

is non-zero, the w a v efron ts can no longer b e de�ned as surfaces separating

undisturb ed-disturb ed from disturb ed regions. W e, therefore, consider w a v e

fron ts as surfac es of c onstant phase ! (t � �! x
�!
k =c) with c = � or c = � . These

surfaces are de�ned b y

d
dt

 

t �
�! x

�!
k

c

!

= 0 :

They are p erp endicular to v ector

�!
k , whic h also giv es the dir e ction of pr op aga-

tion . The w a v efron ts mo v e parallel with resp ect to themselv es with the phase

velo city c. V ector

�!
k m ultiplied b y the w a v en um b er !=� or !=� , is called the

wavenumb er ve ctor .

The p olarisation dir e ction of the compressional part

r � = �
i!
�

A exp

"

i!

 

t �
�! x

�!
k

�

!#
�!
k (3.25)
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is longitudinal (parallel to

�!
k ) and that of the shear comp onen t

r �
�!
	 = �

i!
�

B exp

"

i!

 

t �
�! x

�!
k

�

!#
�!
k � �! n (3.26)

(rot (f � �! n ) = f � r � �! n � �! n � r f ) is transv ersal (p erp endicular to

�!
k ).

F rom (3.26), it follo ws, that for

�!
	 , without loss of generalit y , the additional

condition of orthogonalit y of

�!
k and

�! n can b e in tro duced. (Separation of

�! n in

comp onen ts parallel and p erp endicular to

�!
k ).

3.6.2 Basic equations

W e consider a com bination of t w o half-spaces whic h are separated b y a plane

at z = 0. The com bination is arbitrary (solid-solid, solid-v acuum, liquid-liquid,

...). W e use Cartesian co ordinates as sho wn in Fig. 3.17.

Fig. 3.17: T w o half-spaces in Cartesian co ordinates.

The y -axis p oin ts out of the plane. The displacemen t v ector is

�! u = ( u; v; w);

and its comp onen ts are indep endent of y , i.e., w e treat a plane pr oblem in whic h

on all planes parallel to the x � z -plane, the same conditions hold. The most

simple w a y to study elastic w a v es, under these conditions, is to deriv e u and w
but not v , from p oten tials. W riting

�! u = r � + r �
�!
	

b y comp onen ts,

u =
@�
@x

�
@	 2

@z

v =
@	 1

@z
�

@	 3

@x

w =
@�
@z

+
@	 2

@x
;
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it is ob vious that for v two p oten tials 	 1 and 	 3 are required, and these do not

o ccur in u and w . F or v , it is b etter to use directly the equation of motion (2.21)

without b o dy forces, whic h under these conditions b ecomes a w a v e equation

r 2v =
1
� 2

@2v
@t2

:

The b asic e quations , therefore, are, if 	 instead of 	 2 is used

r 2� =
1

� 2

@2�
@t2

r 2	 =
1

� 2

@2	
@t2

r 2v =
1

� 2

@2v
@t2

(3.27)

r 2 =
@2

@x2
+

@2

@z2

u = @�
@x � @	

@z

w = @�
@z + @	

@x:

9
=

;
(3.28)

The b oundary c onditions on the surface z = 0 b et w een the half-spaces requires

con tin uit y of the stress comp onen ts

pzz = � r � �! u + 2 �
@w
@z

= � r 2� + 2 �
@w
@z

pzx = �
�

@w
@x

+
@u
@z

�

pzy = �
@v
@z

;

or

pzz = �
� 2

@2 �
@t2 + 2 �

�
@2 �
@z2 + @2 	

@x@z

�

pzx = �
�

2 @2 �
@x@z+

@2 	
@x2 � @2 	

@z2

�

pzy = � @v
@z:

9
>>>>>>=

>>>>>>;

(3.29)

Whic h of the displacemen t comp onen ts is con tin uous dep ends on the sp ecial

com bination of the half-spaces.
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Since no connection of v with � and 	 exists via the b oundary conditions and,

therefore, with u and w , it follo ws, that the S -w a v es, the displacemen t of whic h

is only horizon tal (in y -direction: SH-waves ), propagate indep enden tly from the

P -w a v es, follo wing from � , and the S -w a v es, follo wing from 	 , that also ha v e

a v ertical comp onen t (in z -direction: SV-waves ). If a SH-wave impinges on an

in terface, only re�ected and refracted SH-waves o ccur, but no P- or SV-waves .

If, on the other hand, a P � (SV� ) w a v e in teracts with an in terface, re�ected

and refracted SV� (P� ) w a v es o ccur, but no SH -w a v es o ccur. These statemen ts

hold, in general, only for the case of an in terface b et w een t w o solid half-spaces.

In liquids, neither SH- nor SV- w a v es propagate; in a v acuum a rigid half-space,

or no w a v es propagate at all. Corresp ondingly , the situation is ev en more simple

if suc h half-spaces are in v olv ed.

The de c oupling of P-SV- and SH- w a v es holds for plane problems not only in

the simple case of an in terface z =const b et w een t w o homogeneous half-spaces,

but also in the more complicated case of an inhomogeneous medium, as long

as densit y , w a v e v elo cit y , and mo dule are only functions of x and z . One con-

sequence of this decoupling is that in the follo wing, re�ection and refraction

of P - and SV- w a v es can b e treated indep enden tly from that of the SH- w a v es.

F urthermore, it is p ossible to dissect an S- w a v e of arbitrary p olarisation in its

SV- and SH- comp onen t and to study their resp ectiv e re�ection and refraction

indep enden tly from eac h other.

In eac h case, w e assume for the inciden t plane w a v e a p oten tial � or

�!
	 in

the form of (3.23) or (3.24), resp ectiv ely , (in the second case

�!
	 has only the

y -comp onen t 	 ). In case of a SH- w a v e, w e assume that v can b e describ ed b y

an equation in the form of (3.23) with � instead of � . The angle of incidence '
is part of the direction v ector

�!
k

Fig. 3.18: Inciden t plane w a v e and angle of incidence ' .

�!
k = (sin '; 0; cos' ): (3.30)



66 CHAPTER 3. BOD Y W A VES

F or the re�ected and refracted w a v e an ansatz is made with di�er ent amplitudes

A and B , resp ectiv ely , and di�er ent direction v ectors

�!
k . The relation b et w een

the new direction v ectors and (3.30) is via Snell's la w. The relation b et w een

the displacemen t amplitudes of the re�ected and the refracted w a v e with the

inciden t w a v e, is called r e�e ction c o e�cient and r efr action c o e�cient , resp ec-

tiv ely , and it dep ends on the angle of incidence and the material prop erties in

the half-spaces. Rpp , Rps , Bpp , Bps , Rss , Rsp , Bss , Bsp will b e the co e�cien ts

for P-SV- w a v es, r ss and bss those for the SH- w a v es. The �rst index indicates

the t yp e of inciden t w a v e, the second the re�ected and refracted w a v e t yp e,

resp ectiv ely .

W e discuss, in the follo wing, only relativ ely simple cases, for whic h illustrate

the main e�ects to b e studied.

3.6.3 Re�ection and refraction of SH-w a v es

Re�ection and refraction co e�cien ts

The displacemen t v0 of the inciden t SH- w a v e in y -direction is

v0 = C0 exp
�
i!

�
t �

sin '
� 1

x �
cos'

� 1
z
��

: (3.31)

j 1

j 2

m ,r ,b  22 2

m ,r ,b  1 1 1

z

j

v0 v1

v2

xz=0

Fig. 3.19: Inciden t, re�ected and di�racted SH-w a v es at a plane in terface.

The ansatz for the re�ected and refracted SH- w a v e as plane w a v es with re�ection

angle ' 1 and the refraction angle ' 2 , resp ectiv ely , and the same fr e quency as

the inciden t w a v e is

re�ection : v1 = C1 exp
�
i!

�
t �

sin ' 1

� 1
x +

cos' 1

� 1
z
��

(3.32)

refraction : v2 = C2 exp
�
i!

�
t �

sin ' 2

� 2
x �

cos' 2

� 2
z
��

: (3.33)
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The unkno wns are the angles ' 1 and ' 2 , the re�ection co e�cien t r ss = C1=C0

and the refraction co e�cien t bss = C2=C0 .

The b oundary c onditions require at z = 0 the con tin uit y of displacemen t (that is

a reasonable requiremen t) and con tin uit y for the normal and tangen tial stresses.

This leads to

v0 + v1 = v2

� 1
@

@z(v0 + v1) = � 2
@v2
@z

�
for z = 0 : (3.34)

The stress comp onen ts pzz and pzx are zero ev erywhere, since no P- and/or SV-

w a v e o ccur. Insert (3.31), (3.32) and (3.33) in to (3.34). F rom the �rst b oundary

condition this leads to

C0 exp
�
i!

�
t �

sin '
� 1

x
��

+ C1 exp
�
i!

�
t �

sin ' 1

� 1
x

��
= C2 exp

�
i!

�
t �

sin ' 2

� 2
x

��
:

(3.35)

W e plan to �nd solutions v1 and v2 of the problem, for whic h the amplitudes

C1 and C2 are indep enden t of lo cation, since only then can w e b e sure that v1

and v2 are solutions of the corresp onding w a v e equation. C1 and C2 b ecome

only indep enden t of lo cation if in (3.35)

sin '
� 1

=
sin ' 1

� 1
=

sin ' 2

� 2
; (3.36)

since only then the exp onen tial term can b e cancelled. Equation (3.36) is the

w ell-kno wn Snel l's L aw whic h states that the re�ection angle ' 1 is equal to the

angle of incidence ' and that for the refraction angle ' 2 is

sin ' 2

sin '
=

� 2

� 1
:

With (3.35), this leads to

C2 � C1 = C0: (3.37)

The second b oundary condition in (3.34) giv es

� 1i!
�

�
cos'

� 1
C0 +

cos' 1

� 1
C1

�
= � � 2i!

cos' 2

� 2
C2:

With ' 1 = ' and � 1;2=� 1;2 = � 1;2� 1;2 , it follo ws that
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� 1� 1 cos' (C1 � C0) = � � 2� 2 cos' 2C2

or

� 2� 2 cos' 2

� 1� 1 cos'
C2 + C1 = C0: (3.38)

F rom (3.37) and (3.38) follo w the re�ection and refraction co e�cien ts

r ss =
C1

C0
=

� 1� 1 cos' � � 2� 2 cos' 2

� 1� 1 cos' + � 2� 2 cos' 2
(3.39)

bss =
C2

C0
=

2� 1� 1 cos'
� 1� 1 cos' + � 2� 2 cos' 2

: (3.40)

With (3.36), this leads to

cos' 2 = (1 � sin2 ' 2)
1
2 =

�
1 �

� 2
2

� 2
1

sin2 '
� 1

2

: (3.41)

F or p erp endicular incidence ( ' = 0 )

r ss =
� 1� 1 � � 2� 2

� 1� 1 + � 2� 2
and bss =

2� 1� 1

� 1� 1 + � 2� 2
:

In this case, r ss and bss dep end only on the imp e danc es � 1� 1 and � 2� 2 of the

t w o half-spaces. F or gr azing incidence ( ' = �= 2), r ss = � 1 and bss = 0 . The

absolute v alue of the amplitude of the re�ected w a v e is nev er larger then that of

the inciden t w a v e; that of the refracted w a v e can b e larger if � 2� 2 < � 1� 1 (e.g.,

for ' = 0 ).

If r ss is negativ e, this means that in one p oin t of the in terface the displacemen t

v ector of the re�ected w a v e p oin ts in � y -direction, if the displacemen t v ector

of the inciden t w a v e p oin ts in + y -direction. F or impulsiv e excitation (see also

later), this means that the direction of �rst motion of the inciden t and the

re�ected w a v e are opp osite.

The follo wing �gure sho ws jr ss j as a function of ' for di�eren t v elo cit y ratios

� 1=� 2 > 1 and � 1 = � 2 .
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Fig. 3.20: jr ss j as a function of ' for di�eren t v elo cit y ratios.

T otal re�ection

If � 2 < � 1 , as in Fig. 3.20, cos' 2 is real for all angles of inciden t ' , the same

is true for r ss and bss . T otal r e�e ction, , i.e., jr ss j = 1 , is then only p ossible for

grazing incidence.

If � 2 > � 1 , cos' 2 is only real as long as

' = < ' � = arcsin
� 1

� 2
:

' �
is the critic al angle (or limiting angle of total r e�e ction ). A ccording to (3.41),

' = ' �
is connected to the case with grazing propagation of the w a v e in the

second half-space (' 2 = �= 2).

If ' > ' �
, cos' 2 b ecomes imaginary , or, to b e more exact, negativ e imaginary

for p ositiv e ! and p ositiv e imaginary for negativ e ! , since only then v2 for

z ! + 1 remains limited. r ss and bss b ecome complex. v1 and v2 still solv e

the w a v e equations and satisfy the b oundary conditions, ev en when p osing the

ansatz (3.32) and (3.33) ha v e not explicitly b een c hosen in complex form. The

re�ection co e�cien t can then b e written as

r ss = a� ib
a+ ib = exp

�
� 2i arctan b

a

�

a = � 1� 1 cos'

b = � � 2� 2

�
� 2

2
� 2

1
sin2 ' � 1

� 1
2 !

j ! j

9
>>>>>=

>>>>>;

: (3.42)
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It has the absolute v alue 1 and a phase that dep ends on the angle of incidence.

Its sign changes with the sign of the fr e quency. V alues of jr ss j are sho wn in Fig.

3.21 for a few com binations.

Fig. 3.21: jr ss j as a function of ' for di�eren t v elo cit y ratios.

The refracted w a v e propagates for ' > ' �
parallel to the in terface with the v e-

lo cit y � 1=sin ' . Its amplitude is not only con trolled b y bss , but is also con trolled

b y the exp onen tial term whic h dep ends on z . The amplitude of the refracted

w a v e deca ys, therefore, exp onen tially with increasing distance from the in terface

( inhomo gene ous or b oundary layer wave ). It follo ws that (please c hec k)

v2 = bssC0 exp

"

�
j! j
� 2

�
� 2

2

� 2
1

sin2 ' � 1
� 1

2

z

#

exp
�
i!

�
t �

sin '
� 1

x
��

:

Other cases

The treatmen t of the re�ection of plane P -w a v es at an in terface b et w een t w o

liquids giv es similar results to the one discussed ab o v e (see also exercise 3.9).

If the in terface b et w een t w o solid half-sp ac es is considered, the computational

e�ort is signi�can tly larger, since no w re�ected and refracted SV -w a v es ha v e to

b e included. W e, therefore, skip the details. The absolute v alue of the re�ection

co e�cien t Rpp is sho wn in Fig. 3.22.



3.6. REFLECTION AND REFRA CTION OF PLANE W A VES ... 71

|Rpp|

b2

a 1= -j**sina 1 b2 a2< <

0
0

j* j** p/2 j

|Rpp|

a 1

a2
-sinj* =a 1 a22b  < <

j* p/2 j
0

0

Fig. 3.22: Absolute v alue of the re�ection co e�cien t Rpp .

F or ' = 0 , Rpp = � 2 � 2 � � 1 � 1
� 2 � 2 + � 1 � 1

(compare also exercise 3.9).

jRpp j for ' � < ' < �= 2 is smaller then 1 for t w o reasons. First, the re�ected

SV -w a v e also carries energy; second, for the case on the left of Fig. 3.22, a

SV -w a v e propagates in the lo w er half-space for al l ' , and, similarly , for the

case on the righ t of Fig. 3.22, for ' < ' ��
. ' < ' ��

is the se c ond critic al angle

whic h exists only for � 1 < � 2 < � 2

' �� = arcsin
� 1

� 2
> ' � = arcsin

� 1

� 2
:

F or angles ' larger then ' ��
, the second energy loss is no longer p ossible, and

total re�ection o ccurs. The re�ected energy is then, to a smaller part, also

transp orted in the SV -w a v e.

Some n umerical results for re�ection and refraction co e�cien ts for a P-SV- case

are giv en in Fig. 3.23 (mo del of the crust-man tle b oundary (Moho) with � 1 =
6:5km=sec; �1 = 3 :6km=sec; �1 = 2 :8g=cm3; � 2 = 8 :2km=sec; �2 = 4 :5km=sec; �2 =
3:3g=cm3

).
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Fig. 3.23: Absolute v alue of re�ection and refraction co e�cien ts Rpp , Rps , Bpp

and Rss .

T ransition to impulsiv e excitation

The transition from the harmonic case, treated up to no w, to the impulse case,

can b e done with the F ourier tr ansform (compare app endix A.1.7). Instead of

(3.31), the SH- w a v e

v0 = F
�

t �
sin '
� 1

x �
cos'

� 1
z
�
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ma y impinge on the in terface, and w e dissect F (t) with the aid of the F ourier

in tegral in p artial vibr ation

F (t) =
1

2�

Z + 1

�1
F (! )ei!t d!

F (! ) =
Z + 1

�1
F (t)e� i!t dt F ourier transform of F (t):

W e then study , as b efore, re�ection and refraction of the p artial waves

dv0 =
1

2�
F (! ) exp

�
i!

�
t �

sin '
� 1

x �
cos'

� 1
z
��

d!

and then sum the re�ected partial w a v es to deriv e the re�ected SH -w a v e

v1 =
1

2�

Z + 1

�1
r ss F (! ) exp

�
i!

�
t �

sin '
� 1

x +
cos'

� 1
z
��

d!: (3.43)

As long as the re�ection co e�cien t r ss is frequency indep enden t (whic h is the

case for � 2 < � 1 or for ' < ' �
with � 2 > � 1 ), it can b e mo v ed b efore the

in tegral, th us, yielding

v1 = r ssF
�

t �
sin '
� 1

x +
cos'

� 1
z
�

:

The re�ected impulse has, in this case, the same form as the inciden t impulse.

The amplitude ratio of the t w o impulses is equal to the re�ection co e�cien t.

Then r ss , according to (3.42), b ecomes dep enden t from ! for ' > ' �
with

� 2 > � 1 . One then has to pro ceed di�eren tly . W e dissect r ss in to real and

imaginary parts

r ss = R(' ) + iI (' )
!
j! j

R(' ) =
a2 � b2

a2 + b2

I (' ) = �
2ab

a2 + b2 (b for ! > 0):

A ccording to (3.43), it holds that

v1 = R(' )F (� ) + I (' )
1

2�

Z + 1

�1

i!
j! j

F (! )ei!� d! (3.44)
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with

� = t �
sin '
� 1

x +
cos'

� 1
z:

The function, with whic h I (' ) in (3.44) is m ultiplied, can b e written, here via

its F ourier transform, as (i!= j! j) � F (! ) . This is a simple �lter of function F (� )
(compare general commen ts on �lters in app endix A.3.4). Eac h frequency ! in

F (� ) k eeps its amplitude, but its phase is c hanged. The phase c hange is +900

for ! > 0 and � 900
for ! < 0. This corresp onds to a Hilb ert tr ansform and is

sho wn in app endix B. The function with whic h I (' ) in (3.44) is m ultiplied is,

therefore, the Hilb ert tr ansform FH (� ) of F (� )

FH (� ) =
1
�

P
Z + 1

�1

F (t)
t � �

dt =
1
�

Z + 1

�1
ln jt j F 0(� � t)dt: (3.45)

P indicates the main v alue (without the singularit y at t = � ), and the second

form of FH (� ) follo ws from the �rst b y partial in tegration. Th us,

v1 = R(' )F (� ) + I (' )FH (� ): (3.46)

Due to the second term in (3.46), the form of the re�ected w a v e is di�er ent

from that of the inciden t w a v e. Fig. 3.24 sho ws the r esults of the re�ection of

SH- w a v es and angle of incidence ' from 0 to 900
.

F or pre-critical angles of incidence ' < ' � = 480
, the re�ection has the form of

the inciden t w a v e with p ositiv e and negativ e signs. Bey ond the critical angle,

in the range of total re�ection, impulse deformations o ccur un til at ' = 900
the

inciden t w a v e form app ears again, but with opp osite sign (corresp onding to a

re�ection co e�cien t r ss = � 1). The phase shift of r ss at ' = 550
is ab out � 900

,

with the consequence that R(' ) � 0. The re�ection impulse for this angle of

incidence is, therefore, close to the Hilb ert transform FH (� ) of F (� ) (the exact

Hilb ert transform is an impulse that is symmetric with resp ect to its minim um).
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Fig. 3.24: Re�ection of SH- w a v es for di�eren t angle of incidence ' .
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Exercise 3.7:

Whic h sign do es the re�ection co e�cien t r ss ha v e in Fig. 3.20 and Fig. 3.21, in

the regions where it is real?

Exercise 3.8:

Determine the angle of incidence for whic h r ss is zero ( Br ewster angle) , and

giv e the conditions under whic h this actually happ ens (compare ' � 400
in Fig.

3.24).

Exercise 3.9

Compute the re�ection and refraction co e�cien ts for a plane surface b et w een

t w o liquids and for a plane harmonic longitudinal w a v e under angle of incidence

' impinges. Giv e, qualitativ ely , the trend of the co e�cien ts for � 1 = � 2 with

� 1 > � 2 and � 1 < � 2 . Hin t: Use an ansatz for the displacemen t p oten tial in

the form of (3.31) to (3.33) and express the b oundary conditions via p oten tials

as discussed in section 3.6.2.

3.6.4 Re�ection of P-w a v es at a free surface

Re�ection co e�cien ts

The study of the re�ection of P- w a v es from a free surface is of practical im-

p ortance for seismology . P -w a v es from earthquak es and explosions propagate

through the Earth and impinge at the seismic station from b elo w. Horizon-

tal and v ertical displacemen t are mo di�ed b y the free surface. F urthermore,

re�ected P - and S -w a v es are re�ected do wn w ards and recorded at larger dis-

tances, sometimes with large amplitudes. It is, therefore, useful and necessary

to kno w the re�ection co e�cien t of the Earth's surface. F or the momen t, w e

neglect the la y ered nature of the crust in our mo del, th us, only giving a �rst

appro ximation to realit y .

Based on the commen ts giv en at the end of section 3.6.2, w e select the follo wing

ansatz for the p oten tials

inciden t P � w a v e

� 0 = A0 exp
�
i!

�
t �

sin '
�

x �
cos'

�
z
��

(3.47)

re�ected P � w a v e

� 1 = A1 exp
�
i!

�
t �

sin ' 1

�
x +

cos' 1

�
z
��

(3.48)

re�ected SV � w a v e

	 1 = B1 exp
�
i!

�
t �

sin ' 0
1

�
x +

cos' 0
1

�
z
��

: (3.49)
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Fig. 3.25: Inciden t P- w a v e and re�ected P- and S- w a v e .

The b oundary conditions at z = 0 require v anishing normal and tangen tial stress

pzz = pzx = 0 . No b oundary conditions for the displacemen t exist. With (3.29)

and � = � 0 + � 1 (	 = 	 1 = y � comp onen t of

�!
	 ) , it follo ws that

1
� 2

@2

@t2
(� 0 + � 1) +

2�
�

�
@2

@z2
(� 0 + � 1) +

@2	 1

@x@z

�
= 0 z = 0 (3.50)

2
@2

@x@z
(� 0 + � 1) +

@2	 1

@x2
�

@2	 1

@z2
= 0 z = 0 : (3.51)

As in the last section, Snell's la w follo ws from the b oundary conditions

sin '
�

=
sin ' 1

�
=

sin ' 0
1

�
: (3.52)

F rom this, it follo ws that ' 1 = ' and ' 0
1 = arcsin

�
�
� � sin '

�
< ':

With (3.47), (3.48), (3.49) and

�
�

=
�

� + 2 � � 2�
=

�� 2

�� 2 � 2�� 2 =
� 2

� 2 � 2� 2

(3.50) leads to

1
� 2 (A0 + A1) ( i! )2

+
2� 2

� 2 � 2� 2

"

(A0 + A1)
�

i!
�

cos'
� 2

+ B1

�
�

i!
�

sin ' 0
1

� �
i!
�

cos' 0
1

� #

= 0 :

Then
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A0 + A1 +
2� 2� 2

� 2 � 2� 2

�
(A0 + A1)

cos2 '
� 2 � B1

sin ' 0
1 cos' 0

1

� 2

�
= 0 :

with

1 +
2� 2

� 2 � 2� 2 cos2 ' =
2� 2

� 2 � 2� 2

�
� 2

2� 2 � 1 + cos2 '
�

=
2� 2

� 2 � 2� 2

�
� 2

2� 2 � sin2 '
�

=
� 2

� 2 � 2� 2

�
� 2

� 2 � 2 sin2 '
�

=

 � 2 sin2 



 � 2

and

�

 = � 2

� 2 > 2
�

, it follo ws that


 � 2 sin2 '

 � 2

(A0 + A1) �
2
 sin ' 0

1 cos' 0
1


 � 2
B1 = 0 :

F rom this

(
 � 2 sin2 ' )
A1

A0
� 2 sin' (
 � sin2 ' )

1
2

B1

A0
= 2 sin2 ' � 
: (3.53)

Equation (3.51) then giv es

2A0

�
�

i!
�

sin '
� �

�
i!
�

cos'
�

+ 2 A1

�
�

i!
�

sin '
� �

i!
�

cos'
�

+ B1

�
�

i!
�

sin ' 0
1

� 2

� B1

�
i!
�

cos' 0
1

� 2

= 0

or

2 sin' cos'
� 2 (A0 � A1) +

sin2 ' 0
1 � cos2 ' 0

1

� 2 B1 = 0 :

Equation (3.52) then giv es

2 sin' cos'
A1

A0
+

�

 � 2 sin2 '

� B1

A0
= 2 sin ' cos': (3.54)
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F rom (3.53) and (3.54), it follo ws that the amplitude ratios are

A1

A0
=

4 sin2 ' cos'
�

 � sin2 '

� 1
2 �

�

 � 2 sin2 '

� 2

4 sin2 ' cos'
�

 � sin2 '

� 1
2 +

�

 � 2 sin2 '

� 2
(3.55)

B1

A0
=

4 sin' cos'
�

 � 2 sin2 '

�

4 sin2 ' cos'
�

 � sin2 '

� 1
2 +

�

 � 2 sin2 '

� 2
: (3.56)

T o deriv e displacemen t amplitudes (that is ho w the co e�cien ts Rpp and Rps in

section 3.6.2 w ere de�ned) from the ratios of p oten tial amplitudes giv en here,

w e use (3.25) and (3.26). The displacemen t amplitude of the inciden t P -w a v e is

� i!
� A0 ; that of the re�ected P -w a v e is � i!

� A1 . This then giv es the PP -re�ection

co e�cien t (see also (3.55))

Rpp =
A1

A0
: (3.57)

Equation (3.26) giv es the displacemen t amplitude of the re�ected SV -w a v e as

� i!
� B1 . Th us, the PS -re�ection co e�cien t is (see also (3.56))

Rps =
�
�

B1

A0
: (3.58)

Rpp and Rps are r e al and fr e quency indep endent for all angles of inciden t ' . Rps

is alw a ys p ositiv e. F or ' = 0 and ' = �
2 , Rpp = � 1 and Rps = 0 , resp ectiv ely ,

and only a P -w a v e is re�ected.

Fig. 3.26: Re�ection and refraction co e�cien ts of P- w a v es for di�eren t angles

of incidence ' .
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The meaning of the ne gative signs in the re�ection co e�cien ts b ecomes clear, if

the displacemen t v ector of the inciden t and re�ected w a v es are represen ted via

(3.25) and (3.26)

�! u 0 = r � 0 = �
i!
�

A0 exp
�
i!

�
t �

sin '
�

x �
cos'

�
z
��

�!
k 0

�! u 1 = r � 1 = �
i!
�

A0Rpp exp
�
i!

�
t �

sin '
�

x +
cos'

�
z
��

�!
k 1

�! u 0
1 = r �

�!
	 = �

i!
�

A0Rps exp
�
i!

�
t �

sin ' 0
1

�
x +

cos' 0
1

�
z
��

�!
k

0
1 � �! n :

Fig. 3.27: P olarit y of re�ected P- and SV- w a v es.

Rpp < 0, therefore, means that if the displacemen t of the re�ected P -w a v e in a

p oin t on the in terface ( z = 0 ) p oin ts in the direction of �
�!
k 1 , the inciden t w a v e

p oin ts in the direction of

�!
k 0 . F or Rps < 0, the displacemen t of the re�ected SV -

w a v e w ould, for suc h an inciden t w a v e, b e p oin ting in the direction of �
�!
k

0
1 � �! n .

These connections b ecome more ob vious if w e go from the harmonic case to

the impulsive c ase (compare section 3.6.3, transition to impulse excitation).

F or the problem studied, the re�ection co e�cien ts are frequency indep enden t.

Therefore, the re�ected w a v es ha v e alw a ys the same form as the inciden t w a v e

�! u 0 = F
�

t �
sin '

�
x �

cos'
�

z
�

�!
k 0 (3.59)

�! u 1 = RppF
�

t �
sin '

�
x +

cos'
�

z
�

�!
k 1 (3.60)
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�! u 0
1 = RpsF

�
t �

sin ' 0
1

�
x +

cos' 0
1

�
z
�

�!
k

0
1 � �! n (3.61)

' 0
1 = arcsin

�
�
�

sin '
�

:

In the case Rpp < 0, if the �rst motion of the inciden t P -w a v e is directed to w ards

the in terface z = 0 , this also holds for the re�ected SV -w a v e and the re�ected

P -w a v e; otherwise, the �rst motion of the re�ected P -w a v e p oin ts a w a y from

the in terface. Fig. 3.28 sho ws the case for Rpp < 0.

Fig. 3.28: De�nition of the �rst motion of re�ected P- and SV- w a v es.

Displacemen ts at the surface

Finally , w e compute the resulting displacemen t at the free surface (z=0) in

whic h the three w a v es (3.59), (3.60) and (3.61) sup erimp ose.

Horizontal displac ement (p ositiv e in x -direction):

u = [(1 + Rpp ) sin ' + Rps cos' 0
1] F

�
t �

sin '
�

x
�

u = f u (' )F
�

t �
sin '

�
x

�

f u (' ) =
4
 sin ' cos'

�

 � sin2 '

� 1
2

4 sin2 ' cos'
�

 � sin2 '

� 1
2 +

�

 � 2 sin2 '

� 2
(3.62)

and V ertic al displac ement (p ositiv e in z -direction):

w = [(1 � Rpp ) cos' + Rps sin ' 0
1] F

�
t �

sin '
�

x
�
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w = f w (' )F
�

t �
sin '

�
x

�

f w (' ) =
2
 cos'

�

 � 2 sin2 '

�

4 sin2 ' cos'
�

 � sin2 '

� 1
2 +

�

 � 2 sin2 '

� 2
: (3.63)

The ampli�cation factors (or transfer functions of the surface) f u (' ) and f w (' ) ,

resp ectiv ely , are giv en in Fig. 3.29 for the case 
 = 3 .

Fig. 3.29: T ransfer functions of the free surface.

Therefore, a line arly p olarise d w a v e with the apparen t v elo cit y �= sin ' propa-

gates at the surface. The p olarisation angle � , (see Fig. 3.30), is not iden tical

to the angle of incidence ' . � is also called the app ar ent angle of incidenc e .

� = arctan
� u

w

�
= arctan

0

@2 sin'
�

 � sin2 '

� 1
2


 � 2 sin2 '

1

A :
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Fig. 3.30: P olarisation angle � and angle of incidence ' .

2
p

2
pO

e=j

e(j)

e

j

Fig. 3.31: Qualitativ e relationship b et w een � and ' .

�
� �

2

�
= arctan

 
2 (
 � 1)

1
2


 � 2

!

� 0(0) =
2



1
2

:

Inciden t SV -w a v e

If a SV -w a v e, instead of the P -w a v e considered up un til no w, impinges on the

free surface, no P -w a v e is re�ected for angles of incidence ' > ' � = arcsin �
� ,

but only an SV -w a v e (jRss j = 1) is re�ected. This follo ws from considerations

similar to that for an inciden t P -w a v e. F or ' < ' �
, the displacemen t at the

free surface is linearly p olarised, but for ' > ' �
, it is p olarised el liptic al ly .
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This prop ert y is observ ed: SV -w a v es from earthquak es for distances smaller

then ab out 400
are elliptically p olarised, but are linearly p olarised for larger

distances.

Fig. 3.32: P olarisation of SV -w a v es from earthquak es .

3.6.5 Re�ection and refraction co e�cien ts for la y ered me-

dia

Matrix formalism

In the last t w o sections, w e studied the re�ection and refraction of plane w a v es at

one in terface. The re�ection and refraction co e�cien ts dep end, then, mainly on

the prop erties of the half-spaces and the angle of incidence. Only if the critical

angle is exceeded, a w eak frequency dep endence o ccurs: the sign of the phase

(the co e�cien ts b ecome complex) is con trolled b y the sign of the frequency of

the inciden t w a v e (compare section 3.6.3). The frequency dep endence b ecomes

m uc h more pronounced when the re�ection and refraction of plane w a v es in

a (sub-parallel) layer e d media is considered (t w o or more in terfaces). Then,

generally , interfer enc e phenomena o ccur and for sp ecial frequencies (or w a v e

lengths) c onstructive or destructive in terferences o ccur.

Here, w e will study the re�ection and refraction of P -w a v es from a pac k et of

liquid la y ers b et w een t w o liquid half-spaces. The corresp onding problem for SH -

w a v es in solid media can b e solv ed similarly . There is a close similarit y b et w een

P -w a v es in la y ered liquid media and SH -w a v es in la y ered solid media. The

treatmen t of P-SV- w a v es in solid media (p ossibly with in tersp ersed liquid la y ers)

is, in principle, the same, but the deriv ation is signi�can tly more complicated.

In all these approac hes, a matrix formalism is used, whic h is esp ecially e�ectiv e

for implemen ting on computers.

W e c ho ose the annotation of the liquid-la y ered medium as giv en in Fig. 3.33.
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Fig. 3.33: Liquid-la y ered medium with n la y ers.

The displacemen t p oten tial � j in the j -th la y er (j = 1 ; 2; : : : ; n) satis�es the

w a v e equation

@2� j

@x2
+

@2� j

@z2
=

1
� 2

j

@2� j

@t2
:

Solutions of this equation, whic h can b e in terpreted as harmonic plane w a v es,

ha v e the form

exp [i (!t � kj x � l j z)]

with k2
j + l2

j = !=� 2
j , where kj is the horizontal , l j the vertic al wavenumb er ,

resp ectiv ely . W e assume p ositiv e frequencies ! and non-negativ e horizon tal

w a v en um b ers kj . Then, w e can disregard the sign �+� of kj x , since it corre-

sp onds to w a v es whic h propagate in -x-direction. This is not p ossible for our

selection of the inciden t w a v e, (see Fig. 3.33). The t w o signs of l j z ha v e to

b e k ept, since in all la y ers (except the n-th) w a v es propagate in + z - and in

-z -direction. W e then come to the p otential ansatz

� j = A j exp [i (!t � kj x � l j (z � zj ))] (3.64)

+ B j exp
�
i
�
!t � k0

j x + l0
j (z � zj )

��

z1 = z2 = 0 ; k2
j + l2

j = k02
j + l02

j =
! 2

� 2
j

(3.65)

Bn = 0 : (3.66)
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In (3.64), w e ha v e assumed, for the momen t, that the w a v en um b ers of the w a v es

propagating in +z- and -z-direction are di�eren t. F urthermore, w e ha v e replaced

z b y z � zj . This do es not c hange the meaning of the terms but simpli�es the

computations.

The part A1 exp [i (!t � k1x � l1z)] of � 1 will b e in terpreted as inciden t P -w a v e

(compare, e.g., (3.47)). This means that k1 and l1 are connected with the angle

of incidence ' as

k1 = !
� 1

sin '

l1 = !
� 1

cos':

9
=

;
(3.67)

The part B1 exp [i (!t � k0
1x + l0

1z)] of � 1 is the w a v e re�ected from the la y-

ered half-space z > 0. W e w an t to compute the re�ection co e�cien t Rpp and

the refraction co e�cien t Bpp (again de�ned as the ratio of the displac ement

amplitudes )

Rpp = B 1
A 1

Bpp = � 1
� n

� A n
A 1

:

9
=

;
(3.68)

The b oundary conditions for the in terfaces z = z2; z3; : : : ; zn require con tin uit y

of the v ertical displacemen t @� =@zand of the normal stress pzz = � r 2� =
�@2� =@t2 . F or z = zj , this giv es

@� j

@z = @� j � 1

@z and � j
@2 � j

@t2 = � j � 1
@2 � j � 1

@t2 :

F rom the �rst relation, it follo ws that (the phase term ei!t
is neglected in the

follo wing since it cancels out),

� l j A j exp [� ik j x] + l0
j B j exp

�
� ik 0

j x
�

= � l j � 1A j � 1 exp [i (� kj � 1x � l j � 1dj � 1)]

+ l0
j � 1B j � 1 exp

�
i
�
� k0

j � 1x + l0
j � 1dj � 1

��
:

The second relation giv es

� j A j exp [� ik j x] + � j B j exp
�
� ik 0

j x
�

= � j � 1A j � 1 exp [i (� kj � 1x � l j � 1dj � 1)]

+ � j � 1B j � 1 exp
�
i
�
� k0

j � 1x + l0
j � 1dj � 1

��
:

Both equations hold for j = 2 ; 3; : : : ; n , and dj � 1 = zj � zj � 1 (d1 = 0) . As b efore,

w e require that the exp onen tial terms dep ending on x m ust cancel, leading to

kj = k0
j = kj � 1 = k0

j � 1 . This, then, giv es (with (3.67))
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k0
n = kn = k0

n � 1 = kn � 1 = : : : = k0
1 = k1 =

!
� 1

sin ':

This is an alternativ e form of Snel l's law . With (3.65), this leads to

l0
j = l j =

 
! 2

� 2
j

� k2
1

! 1
2

=
!
� j

 

1 �
� 2

j

� 2
1

sin2 '

! 1
2

: (3.69)

If sin ' > � 1=� j , l j is imaginary (and ev en ne gative imaginary ), only then for

j = n is the amplitude of the p oten tials limited for z ! 1 . This leads to the

follo wing system of equations, whic h connects A j and B j with A j � 1 and B j � 1 ,

resp ectiv ely

A j � B j =
l j � 1

l j

�
A j � 1e� il j � 1 dj � 1 � B j � 1eil j � 1 dj � 1

�

A j + B j =
� j � 1

� j

�
A j � 1e� il j � 1 dj � 1 + B j � 1eil j � 1 dj � 1

�
:

In matrix form, this can b e written as (please c hec k)

�
A j

B j

�
=

e� il j � 1 dj � 1

2l j � j

�
l j � 1� j + l j � j � 1 (� l j � 1� j + l j � j � 1)e2il j � 1 dj � 1

� l j � 1� j + l j � j � 1 (l j � 1� j + l j � j � 1)e2il j � 1 dj � 1

�

�
�

A j � 1

B j � 1

�
(3.70)

= mj �
�

A j � 1

B j � 1

�

where mj is the layer matrix.

Rep eated application of (3.70) giv es

�
An

Bn

�
= mn � mn � 1 � : : : � m3 � m2

�
A1

B1

�

= M
�

A1

B1

�

=
�

M 11M 12

M 21M 22

� �
A1

B1

�
:

On computers, the pro duct M of the la y er matrices mn to m2 can b e determined

quic kly and e�cien tly . First, the angular frequency ! and the angle of incidence
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' are giv en; then, the l j 's are determined with (3.69), and the matrices are

m ultiplied. This giv es the elemen ts of M . F rom

An = M 11A1 + M 12B1 and Bn = M 21A1 + M 22B1

with (3.66), it follo ws that

B1

A1
= �

M 21

M 22
and

An

A1
= M 11 �

M 12M 21

M 22
:

The re�ection co e�cien t Rpp and the refraction co e�cien t Bpp of the la y ered

medium, therefore, can b e written according to (3.68) as

Rpp = �
M 21

M 22
and Bpp =

� 1

� n

�
M 11 �

M 12M 21

M 22

�
: (3.71)

T w o homogeneous half-spaces

In this v ery simple case, it follo ws (with d1 = 0 ) that

M = m2 =
1

2l2� 2

�
l1� 2 + l2� 1 � l1� 2 + l2� 1

� l1� 2 + l2� 1 l1� 2 + l2� 1

�

and, therefore, according to (3.71)

Rpp =
� l2� 1 + l1� 2

l2� 1 + l1� 2

Bpp =
� 1

� 2

(l1� 2 + l2� 1)2 � (l2� 1 � l1� 2)2

2l2� 2(l2� 1 + l1� 2)
=

� 1

� 2

2l1� 1

l2� 1 + l1� 2
:

With l1 = !
� 1

cos' and l2 = !
� 2

�
1 � � 2

2
� 2

1
sin2 '

� 1
2

= !
� 2

cos' 2 ( ' 2 =angle of

refraction), it follo ws that

Rpp =
� 2� 2 cos' � � 1� 1 cos' 2

� 2� 2 cos' + � 1� 1 cos' 2

Bpp =
2� 1� 1 cos'

� 2� 2 cos' + � 1� 1 cos' 2

(compare with exercise 3.9). F or ' = 0 ( ! ' 2 = 0) , it follo ws that
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Rpp =
� 2� 2 � � 1� 1

� 2� 2 + � 1� 1
and Bpp =

2� 1� 1

� 2� 2 + � 1� 1
: (3.72)

These are equations that also hold for an in terface b et w een t w o solid half-spaces.

Lamella in full-space

W e limit our study here to vertic al r e�e ctions from a lamella.

0=2z  a ,r 11

a2,r 2

a3= a1 ,r 3= r 1

d2= d

x

z

Fig. 3.34: Lamella of thic kness d.

In this case, n = 3 ; l1 = l3 = !=� 1 and l2 = !=� 2 . Then with (3.70) and d1 = 0 ,

d2 = d

m2 =
� 2

2� 2

� � 2
� 1

+ � 1
� 2

� � 2
� 1

+ � 1
� 2

� � 2
� 1

+ � 1
� 2

� 2
� 1

+ � 1
� 2

�

=
� 2

2� 1

�
1 + 
 � 1 + 


� 1 + 
 1 + 


�

m3 =
� 1e� i! d

� 2

2� 2

 
1 + 
 0 (� 1 + 
 0)e2i! d

� 2

� 1 + 
 0 (1 + 
 0)e2i! d
� 2

!

with 
 = � 1 � 1
� 2 � 2

and 
 0 = � 2 � 2
� 1 � 1

= 1

 . This leads to

M = m3m2 =
e� i! d

� 2

4


 
(1 + 
 )2 � (1 � 
 )2e2i! d

� 2 
 2 � 1 + (1 � 
 2)e2i! d
� 2

1 � 
 2 + ( 
 2 � 1)e2i! d
� 2 � (1 � 
 )2 + (1 + 
 )2e2i! d

� 2

!

:

W e no w compute the r e�e ction c o e�cient Rpp (according to (3.71))

Rpp = �
M 21

M 22
=

(1 � 
 2)(1 � e2i! d
� 2 )

(1 � 
 )2 � (1 + 
 )2e2i! d
� 2

= R0
1 � e� 2i! d

� 2

1 � R2
0e� 2i! d

� 2

(3.73)

with

R0 =
1 � 

1 + 


=
� 2� 2 � � 1� 1

� 2� 2 + � 1� 1
:
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R0 , according to (3.72), is the re�ection co e�cien t of the in terface z = 0 . F or

relativ ely small re�ection co e�cien ts R0 , whic h are t ypical for discon tin uities in

the Earth (jR0j < 0:2), one can write as a go o d appro ximation

Rpp = R0

�
1 � e� 2i! d

� 2

�
: (3.74)

Discussion of Rpp

Rpp , in the form of (3.73) or (3.74), is zero for angular frequencies ! , for whic h

2! d
� 2

is an ev en m ultiple of � . With the frequency � and the w a v e length � in

the lamel la (� 2 = � �) , the condition for destructiv e in terference is

d
�

=
1
2

; 1;
3
2

; 2; : : : (3.75)

The lamella has to ha v e a thic kness of a m ultiple of the half w a v e-length so

that in r e�e ction destructive interfer enc e o ccurs with Rpp = 0 . In this case

r efr actions show c onstructive interfer enc e .

A ccording to (3.74), Rpp is maxim um (jRpp j = 2 jR0 j) if 2! d
� 2

is an unev en

m ultiple of � . Then

d
�

=
1
4

;
3
4

;
5
4

;
7
4

; : : : (3.76)

In this case, the w a v es in terfere c onstructively for r e�e ction and destructively

for r efr action .

The p erio dicit y of Rpp , visible in (3.75) and (3.76), holds generally so

Rpp

�
! + n

� 2�
d

�
= Rpp(! ); n = 1 ; 2; 3; : : :

T o conclude, w e discuss ho w the re�ection from a lamella lo oks for an impul-

sive excitation . W e assume that the v ertically inciden t P -w a v e has the v ertical

displacemen t w0 = F
�

t � z
� 1

�
and that F (! ) is the sp ectrum of F (t) . The

v ertical displacemen t w1 of the re�ected w a v e is then (compare section 3.6.3)

w1 =
1

2�

Z + 1

�1
Rpp(! )F (! )ei!

�
t + z

� 1

�
d! (3.77)

with Rpp(! ) from (3.73). In practise, in tegral (3.77) is computed n umerically ,

since fast n umerical metho ds for F ourier analysis exist and computation of

the sp ectrum from the time function ( F (! ) from F (t) ) and F ourier synthesis ,

i.e., computation of the time function from its sp ectrum ( w1 from its sp ectrum
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Rpp(! )F (! )ei!z=� 1
). Suc h n umerical metho ds are kno wn as F ast F ourier tr ans-

form (FFT) .

Insigh t in to the pro cesses o ccurring during re�ection, the topic of this c hapter,

can b e ac hiev ed as follo ws: w e expand (3.73) (whic h due to R2
0 < 1 alw a ys

con v erges)and get

Rpp(! ) = R0

�
1 � e� i! 2d

� 2

� 1X

n =0

�
R2

0e� i! 2d
� 2

� n

= R0 � R0
�
1 � R2

0

�
e� i! 2d

� 2 � R3
0

�
1 � R2

0

�
e� i! 4d

� 2
(3.78)

� R5
0

�
1 � R2

0

�
e� i! 6d

� 2 � : : :

Substitution of this in to (3.77) and taking the in v erse transform of eac h elemen t

giv es

w1 = R0F
�

t +
z

� 1

�
� R0

�
1 � R2

0

�
F

�
t +

z
� 1

�
2d
� 2

�
(3.79)

� R3
0

�
1 � R2

0

�
F

�
t +

z
� 1

�
4d
� 2

�
� R5

0

�
1 � R2

0

�
F

�
t +

z
� 1

�
6d
� 2

�
� : : :

The �rst term is the r e�e ction fr om the interfac e z = 0 . Its amplitude, as

exp ected, is the re�ection co e�cien t R0 of this in terface. The second term

describ es a w a v e whic h is dela y ed b y t wice the tra v el time through the lamella,

th us, corresp onding to the r e�e ction fr om the interfac e z = d. Its amplitude has

the exp ected size; the re�ection co e�cien t of this in terface is � R0 . The pro duct

of the re�ection co e�cien ts of the in terface z = 0 for w a v es tra v elling in + z�
and � z� direction, 2� 1� 1=(� 2� 2 + � 1� 1) and 2� 2� 2=(� 1� 1 + � 2� 2) , is 1� R2

0 . In

the same w a y , the third and fourth term of (3.79) can b e in terpreted as multiple

r e�e ctions within the lamella (with three and �v e re�ections, resp ectiv ely). The

terms in (3.79) corresp ond to the r ays sho wn in Fig. 3.35.

=z  d

0=z  

Fig. 3.35: Re�ected and m ultiple re�ected ra ys in a lamella.

Equation (3.79) is a decomp osition of the re�ected w a v e �eld in (in�nite man y)

ra y con tributions. It is fully equiv alen t to (3.77).
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The appro ximation (3.74) for Rpp (! ) corresp onds to the truncation of the ex-

pansion in (3.78) after the term for n = 0 and, therefore, the limitation on the

t w o primary r e�e ctions from the in terfaces z = 0 and z = d, resp ectiv ely (and

neglecting R2
0 relativ e to 1).

Exercise 3.10

Sho w that for the refraction co e�cien t in (3.71), it holds that

Bpp =
� 1

� n

detM
M 22

with detM =
l1� 1

ln � n
:

Apply this form ula in the lamella, in cases in whic h (3.75) and (3.76) hold.

Exercise 3.11

The P -v elo cit y of the lamella is larger then that of the surrounding medium:

� 2 > � 1 . Do es then total re�ection o ccur? Discuss this qualitativ ely .

3.7 Re�ectivit y metho d: Re�ection of spherical

w a v es from la y ered media

3.7.1 Theory

The results of section 3.6.5 can, with relativ e ease, b e extended to the excitation

b y spherical w a v es. F or simpli�cation of represen tation, w e again assume that

w e deal, at the momen t, only with P -w a v es in liquids.

Fig. 3.36: Explosiv e p oin t source o v er liquid, la y ered medium.
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The spherical w a v es are excited b y an explosion p oin t source lo cated at high t

h ab o v e the la y ered medium. The displacemen t p oten tial of this source for

harmonic excitation is (compare section 3.4)

� 1e =
1
R

ei!
�

t � R
� 1

�
(3.80)

with R2 = r 2 + ( z + h)2
. Because of the symmetry under rotation around the

z -axis, cylindrical co ordinates r and z are used. The w a v e equation for the

p oten tial � j in the j -th la y er is

@2� j

@r2
+

1
r

@� j

@r
+

@2� j

@z2
=

1
� 2

j

@2� j

@t2
: (3.81)

Elemen tary solutions of this equation are (please c hec k)

J0(kr ) exp [i (!t � l j (z � zj ))] with k2 + l2
j =

! 2

� 2
j

; l j =

 
! 2

� 2
j

� k2

! 1
2

(3.82)

(compare section 3.6.5 for notation). J0(kr ) is the Bessel function of �rst kind

and zeroth order (compare app endix C).

Equation (3.82) is an analogue to the solutions e� ik j x �ei ( !t � l j (z� z j ))
of the w a v e

equation @2� j =@x2 + @2� j =@z2 = (1 =� 2
j )@2� j =@t2 discussed in the last c hapter.

In (3.82), the index j of the horizon tal w a v en um b er k has b een dropp ed, since

k is a parameter o v er whic h one can in tegrate (furthermore, it w as sho wn in

section 3.6.5 that all kj 's are iden tical).

With (3.82), the functions

Z 1

0
f (k)J0(kr )ei ( !t � l j (z� z j )) dk (3.83)

are also solutions of (3.81) if the in tegral con v erges. Th us, w e come to the

p oten tial ansatz

� j =
Z 1

0
J0(kr )

n
A j (k)ei ( !t � l j (z� z j )) + B j (k)ei ( !t + l j (z� z j ))

o
dk: (3.84)

Note the close relation of (3.84) to (3.64). Whether this ansatz actually has a

solution, dep ends �rstly , if � 1e from (3.80) can b e represen ted in the in tegral

form (3.83) and se c ond ly , if � j in (3.84) satis�es the b oundary conditions for

z = z2; z3; : : : zn .
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The �rst requiremen t is satis�ed since the follo wing in tegral represen tation is

v alid ( Sommerfeld inte gr al , compare app endix D)

1
R

ei!
�

t � R
� 1

�
=

Z 1

0
J0(kr )

k
il 1

ei ( !t � l 1 j z+ h j dk: (3.85)

W e, therefore, can in terpret the �rst part

Z 1

0
J0(kr )A1ei ( !t � l 1 z) dk (3.86)

of � 1 (with z1 = 0 ) as the inciden t w a v e (see also section 3.6.5) � 1e (the second

part is the re�ected w a v e � 1r ). W e ha v e to compare (3.85) and (3.86) for

lo cations in whic h the spherical w a v e passes on incidence at the in terface z = 0 ,

i.e., for � h < z � 0. In this case, jz + hj = z + h and the comparison giv es

A1(k) = ( k=il 1)e� il 1 h
.

The b oundary c onditions for the in terfaces can b e tak en from section 3.6.5. The

p oten tials (3.84) are di�eren tiated under the in tegral. The iden tit y follo wing

from the b oundary conditions is only satis�ed for al l r , if the in tegrands are

iden tical. This leads to the same system of equations for A j (k) and B j (k) as

in section 3.6.5, i.e., (3.70). In con trast to the previous section, the v ertical

w a v en um b ers l j ha v e to b e considered no w as functions of k (and not of the

angle of incidence ' ). k and ' are connected via

k =
!
� 1

sin ': (3.87)

F ollo wing section 3.6.5, the re�ection co e�cien t Rpp = B1=A1 = � M 21=M22 has

b een computed as a function of the angular frequency ! and angle of incidence

' ;; then the dep endence on k can b e in tro duced via (3.87): Rpp = Rpp(!; k ) .

The second part of � 1 , the re�ected w a v e, can then b e written as

� 1r =
Z 1

0
J0(kr )A1(k)Rpp (!; k )ei ( !t + l 1 z) dk

=
Z 1

0

k
il 1

J0(kr )Rpp (!; k )ei ( !t + l 1 (z� h)) dk:

The corresp onding v ertical displacemen t is

w1r (r; z; !; t ) =
@� 1r

@z
= ei!t

Z 1

0
kJ0(kr )Rpp (!; k )eil 1 (z� h)dk (3.88)

and the horizon tal displacemen t (with J 0
0(x) = � J1(x) )
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u1r (r; z; !; t ) =
@� 1r

@r
= ei!t

Z 1

0

� k2

il 1
J1(kr )Rpp (!; k )eil 1 (z� h) dk: (3.89)

The in tegrals in (3.88) and (3.89) are b est computed n umerically , esp ecially ,

in the case of man y la y ers. F or solid media, (3.88) and (3.89) also hold, but

the re�ection co e�cien t Rpp(!; k ) is more complicated than for liquid media

and w1r and u1r describ e only the c ompr essional p art of the re�ection from the

la y ered half-space z � 0. F or the she ar p art , similar results hold, whic h only

no w con tain the re�ection co e�cien ts Rps (!; k ) .

The transition to impulse excitation

� 1e =
1
R

F
�

t �
R
� 1

�

instead of (3.80) is relativ ely simple (see section 3.6.3). If F (! ) is the sp ectrum

of F (t) , it holds that

� 1e =
1

2�R

Z + 1

�1
F (! )ei!

�
t � R

� 1

�
d!:

The corresp onding displacemen ts of the re�ected w a v e are

W1r (r; z; t )
U1r (r; z; t )

�
= 1

2�

R+ 1
�1 F (! )

�
w1r (r; z; !; t )
u1r (r; z; !; t )

�
d! (3.90)

with w1r from (3.88) and u1r from (3.89). The in tegrals in (3.88) and (3.89),

m ultiplied b y F (! ) , are, therefore, the F ourier tr ansforms of the displac ement .

The n umerical computation of (3.88), (3.89) and (3.90) is called the R e�e ctivity

metho d ; it is a practical approac h for the computation of the or etic al seismo gr ams

of b o dy waves . With it, the amplitudes of b o dy w a v es from explosions and

earthquak es can b e studied, th us, progressing b ey ond the more classical tr avel

time interpr etation .

3.7.2 Re�ection and head w a v es

An example for theoretical seismograms is giv en in Fig. 3.37 (from K. F uc hs:

The re�ection of spherical w a v es from transition zones with arbitrary depth-

dep ended elastic mo duli and densit y . Journ. of Ph ysics of the Earth, v ol. 16,

Sp ecial Issue, S. 27-41, 1968). It is the result for a simple mo del of the crust,

assumed to b e homogeneous. The p oin t source and the receiv ers are at the

Earth's surface; the in�uence of whic h has b een neglected here. The transition
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of the crust to the upp er man tle ( Mohor ovi £ i ¢ -zone, short Moho ) is a �rst

order disc ontinuity , i.e., the w a v e v elo cities and the densit y c hange abruptly

(for a discon tin uit y of 2nd order these parameters w ould still b e con tin uous, but

their deriv ativ e with depth w ould ha v e a jump).

Fig. 3.37: Syn thetic seismogram for re�ection and refraction from a 1st order

discon tin uit y (from K. F uc hs, 1968, Journ. of Ph ysics of the Earth).

The dominan t w a v e is the r e�e ction fr om the Moho. F or distances from the

source b ey ond the critic al p oint r � = 74:91 km, corresp onding to the critic al

angle of incidenc e ' �
, the �rst onset is the he ad wave with the apparen t v elo cit y

of 8.2 km/sec. Its amplitude deca ys rapidly with increasing distance, and its

form is the time in tegral of the re�ection for r < r �
. F or pre-critical distance

r , the form of the re�ection is practically iden tical to that of the inciden t w a v e.

A t the critical p oin t, it b egins to c hange its form. This w as already discussed

in section 3.6.3 in terms of the prop erties of the re�ection co e�cien t for plane

w a v es (this holds for P- and SH- w a v es, resp ectiv ely). F or large distances, the

impulse form is roughly opp osite to that for r < r �
. This is also exp ected,

since the re�ection co e�cien t Rpp for the angle of incidence ' = �= 2 is equal

to � 1 (for liquids, this follo ws from the form ulae giv en in section 3.5.6). The

amplitude b eha viour of the re�ection is relativ ely similar to the trend of the

absolute v alue jRpp j of the re�ection co e�cien t, if jRpp j is divided b y the path
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length and if one considers the v ertical comp onen t (see, e.g., Fig. 3.22 and

corresp onding equations). The main discrepancies are near the critical p oin t.

A ccording to jRpp j , the re�ected w a v e should ha v e its maxim um directly at the

critical p oin t, whereas in realit y , it is shifted to larger distances. This shift is

larger, the lo w er the frequency of the inciden t w a v e.

Fig. 3.38: Re�ection amplitude v ersus o�set as a function of frequency .

The consideration of this shift is imp ortan t when determining the critical p oin t

from observ ed re�ections, e.g., in re�ection seismics.

3.7.3 Complete seismograms

Fig. 3.39 sho ws the p otential of the r e�e ctivity metho d . This sho ws complete

SH -seismograms for a pro�le at the surface of a realistic Earth mo del. The

source is a horizon tal single force at the Earth's surface, acting p erp endicular

to the pro�le. The dominan t p erio d is 20 sec. The most pronounced phases are

the disp ersiv e Lo v e w a v es (for surface w a v es, see c hapter 4), whose amplitudes

are mostly clipp ed. The propagation paths of the largest b o dy w a v e phases

(man tle w a v e S and SS , core re�ection ScS and di�raction at the core Sdif f are

also sk etc hed.) A detailed description of the re�ectivit y metho d is giv en in G.

Müller: The re�ectivit y metho d: A tutorial, Journ. eoph ys,., v ol. 58, 153-174,

1985.
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Fig. 3.39: Complete SH -seismograms for a pro�le at the surface of a realistic

Earth mo del.

3.8 Exact or generalised ra y theory - GR T

W e con tin ue the c hapter on elastic b o dy w a v es with the treatmen t of re�ection

and refraction of cylindric al waves radiated from a line sour c e and re�ected

and refracted at a plane in terface whic h is parallel to the line source. This

problem is more simple and less practical than the case considered in section

3.7 of a p oin t source o v er a la y ered medium. On the other hand, w e will learn

a totally di�eren t w a y of treating w a v e propagation whic h leads to relativ ely

simple analytic al (and not only n umerically solv able) results. This is the main

aim of this section. This metho d, originally dev elop ed b y Cagniard, de Ho op

and Garvin (see, e.g., W.W. Garvin: Exact transien t solution of the buried line

source problem, Pro c. Ro y . So c. London, Ser. A, v ol 234, pg. 528-541, 1956),

can also b e applied for la y ered media and b e mo di�ed for p oin t sources. In

that form it is, similar to the re�ectivit y metho d, usable for the computation of

theoretical b o dy-w a v e seismograms in the in terpretation of observ ations.
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Again, w e limit ourselv es to treat the problem of a liquid mo del (see Fig. 3.40),

since w e can then study the main ideas with a minim um of computation.

Fig. 3.40: Explosiv e line source in a liquid medium.

W e w ork with the displacemen t p oten tials � 1 = � 1e + � 1r in half-space 1

(� 1e = inciden t ; � 1r = re�ected P � w a v e ) and � 2 in half-space 2. The three

p oten tials satisfy the w a v e equations

r 2� 1e;r =
1

� 2
1

@2� 1e;r

@t2
; r 2� 2 =

1
� 2

2

@2� 2

@t2
: (3.91)

The Laplace transform of these equations giv es

r 2' 1e;r =
s2

� 2
1

' 1e;r and r 2' 2 =
s2

� 2
2

' 2; (3.92)

where ' 1e; ' 1r and ' 2 are the transforms of � 1e; � 1r and � 2 , resp ectiv ely , and

s is the transform v ariable (see app endix A). W e assume that the P -w a v e starts

at time t =0 at the line source. Therefore, the initial v alues of � 1e; � 1r and � 2 ,

and their time deriv ativ es for t= +0, are zero outside the line source. The time

deriv ativ es ha v e to b e considered in the second deriv ativ e with resp ect to t in

(3.91).

3.8.1 Inciden t cylindrical w a v e

First, w e ha v e to study the inciden t w a v e. Since the line source is explosiv e and

has, therefore, cylindrical symmetry around its axis, it holds that

r 2' 1e =
@2' 1e

@R2
+

1
R

@'1e

@R
=

s2

� 2
1

' 1e (3.93)

with R2 = x2 + ( z + h)2
. The solution of (3.93), whic h can b e in terpreted as a

cylindrical w a v e in +R direction, is
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' 1e = f (s)
1
s

K 0(
R
� 1

s); (3.94)

where f (s) is the Laplace transform of an arbitrary time function F(t) and

K 0( R
� 1

s) is one of the mo di�e d Bessel functions of zeroth order.

Pro of: Using the substitution x = R s
� 1

, (3.93) can b e expressed as the di�eren tial

equations of the mo di�ed Bessel function

x2 d2y
dx2 + x

dy
dx

� (x2 + n2)y = 0 :

In the case considered here, n =0. The di�eren tial equation has t w o indep enden t

linear solutions, K 0(x) and I 0(x) , resp ectiv ely . F or real x , Fig. 3.41 sho ws their

qualitativ e b eha viour.

I0 (x)

K0 (x)

1 2 30

1

2

3

0
x

Fig. 3.41: Beha viour of linear solutions K 0(x) and I 0(x) .

This sho ws that only K 0(x) is a p ossible solution, since I 0(x) gro ws in�nitely

for x ! 1 . ( R efer enc e : M. Abramo vitz and I.A. Stegun: Handb o ok of Mathe-

matical F unctions, H. Deutsc h, F rankfurt, 1985).

T aking the in v erse Laplace transform of (3.94) in the time domain, and using

the corresp ondence

f (s) ��� F (t) (F (t) � 0 for t < 0)
1
s

K 0

�
R
� 1

s
�

���
�

0 for t < R=� 1

cosh� 1( � 1 t
R ) for t > R=� 1

with a t ypical b eha viour of the solution giv en in Fig. 3.42;
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R/a 1 t

Fig. 3.42: Beha viour of the solution.

the p oten tial can b e written as

� 1e =
Z t

R=� 1

F (t � � ) cosh� 1(
� 1�
R

)d� (t � R=� 1): (3.95)

By v arying F(t) , the cylindrical w a v e can b e giv en di�eren t time dep enden-

cies. Equation (3.95) is the analogue to the p oten tial � 1e = 1
R F

�
t � R

� 1

�
of a

spherical w a v e from an explosiv e p oin t source.

In the follo wing, w e treat the sp e cial c ase F (t) = � (t) , for whic h all imp ortan t

e�ects can b e studied. If realistic excitations ha v e to b e treated, the results

for the p oten tials and displacemen ts of the re�ected and di�racted w a v es, re-

sp ectiv ely , deriv ed with time dep enden t F (t) = � (t) , ha v e to b e con v olv ed with

realistic F(t) . F or F (t) = � (t)

� 1e = cosh� 1(
� 1t
R

);

and the corresp onding radial displacemen t in R-direction is

UR =
@� 1e

@R
= �

t

R
�

t2 � R 2

� 2
1

� 1=2
(t >

R
� 1

): (3.96)

Fig. 3.43: Displacemen t in R direction.
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The corresp onding p oin t source results are

� 1e =
1
R

H
�

t �
R
� 1

�

UR =
@� 1e

@R
= �

1
R2 H

�
t �

R
� 1

�
�

1
R� 1

�
�

t �
R
� 1

�
:

Fig. 3.44: Displacemen t in R direction.

3.8.2 W a v efron t appro ximation for UR

If w e write (3.96) as

UR =
� t

R
�

t + R
� 1

� 1=2 �
t � R

� 1

� 1=2
;

and consider v alues of t near

R
� 1

, w e �nd the appro ximation

UR �
� 1

(2R� 1)1=2
�

1
�

t � R
� 1

� 1=2
: (3.97)

This appro ximation is more accurate the closer t is to R=� 1 , and, therefore,

this is called wavefr ont appr oximation . It is more accurate for large R , and it

is, therefore, also the far-�eld appr oximation of the cylindrical w a v e.

Within the framew ork of the w a v efron t appro ximation (3.97), the impulse form

of the cylindrical w a v e is indep enden t from R, and its amplitude is prop ortional

to R� 1=2
. Both statemen ts b ecome esp ecially ob vious if (3.97) is con v olv ed

with realistic excitation functions F (t) . The singularit y in (3.96) and (3.97) is

in tegrable.
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3.8.3 Re�ection and refraction of the cylindrical w a v e

The co ordinates most appropriate for the study of re�ection and refraction are

the Cartesian co ordinates x and z . Equation (3.92), then, tak es the form

@2'
@x2

+
@2'
@z2

=
s2

� 2 ':

Appropriate elemen tary solutions ha v e the form cos(kx) exp(� imz ) with k2 +
m2 = � s2=� 2

. F rom these elemen tary solutions, more complicated solutions in

in tegral form (similar to section 3.7.1) can b e constructed

' =
Z 1

0
f (k) cos(kx)e� imz dk;

with whic h w e can try to satisfy �rstly , the p oten tial (3.94) of the inciden t

w a v e, and se c ond ly , the b oundary conditions for z = 0. Sp eci�cally , w e use the

follo wing ansatz

' 1e =
R1

0 A1(k) cos(kx)e� im 1 z dk (z > � h)

' 1r =
R1

0 B1(k) cos(kx)eim 1 zdk

' 2 =
R1

0 A2(k) cos(kx)e� im 2 z dk

9
>>>>=

>>>>;

(3.98)

m1;2 = � i

 

k2 +
s2

� 2
1;2

! 1=2

( negativ e imaginary for p ositiv e radicands ):

F or K 0

�
R
� 1

s
�

in (3.94) an in tegral represen tation, similar to (3.85) for the spher-

ical w a v e, can b e found. With this ' 1e (with f(s) =1, since F (t) = � (t) ) it follo ws

that

' 1e =
1
s

Z 1

0

1
�

k2 + s2

� 2
1

� 1=2
cos(kx) exp

"

� j z + hj
�

k2 +
s2

� 2
1

� 1=2
#

dk: (3.99)

A comparison with ' 1e from (3.98) for z>-h giv es

A1(k) =
e� im 1 h

ism 1
:
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The b oundary conditions for z= 0 are (compare section 3.6.5)

@
@z

(� 1e + � 1r ) =
@� 2

@z
; � 1

@2

@t2
(� 1e + � 1r ) = � 2

@2� 2

@t2
:

The Laplace transform giv es

@
@z

(' 1e + ' 1r ) =
@'2
@z

; � 1 (' 1e + ' 1r ) = � 2 ' 2:

F rom (3.98), it follo ws that

m1 (A1(k) � B1(k)) = m2A2(k)

� 1 (A1(k) + B1(k)) = � 2A2(k);

and from this

B1(k) = Rpp (k)A1(k) and A2(k) = Bpp(k)A1(k)

.

Th us,

Rpp (k) =
� 2m1 � � 1m2

� 2m1 + � 1m2
and Bpp (k) =

2� 1m1

� 2m1 + � 1m2
: (3.100)

The p oten tials ' 1r and ' 2 are, therefore,

' 1r =
Z 1

0
A1(k)Rpp (k) cos(kx)eim 1 zdk

' 2 =
Z 1

0
A1(k)Bpp (k) cos(kx)e� im 2 zdk:

The Laplace transforms w and u of the v ertical and horizon tal displacemen t W

and U , resp ectiv ely , can, in general, b e written as w = @'
@z and u = @'

@x

and sp eci�cally

w1r

u1r

�
=

R1
0

R pp (k )
sim 1

�
im 1 cos(kx)
� k sin(kx)

�
e� im 1 (h � z) dk

w2

u2

�
=

R1
0

B pp (k )
sim 1

�
� im 2 cos(kx)
� k sin(kx)

�
e� i (m 2 z+ m 1 h) dk:

9
>>=

>>;
(3.101)
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These Laplace transforms m ust no w b e tr ansforme d b ack . This is imp ossible

with (A.9) in app endix A. One, rather, uses an approac h that is based in trans-

forming (3.101) sev eral times with function theory metho ds un til the in tegrals

are of the form

w
u

�
=

R1
0 Z (t)e� st dt: (3.102)

The in v erse

�
W (t)
U(t)

�
= Z (t) can then b e iden ti�ed dir e ctly .

An imp ortan t limitation has to b e men tioned �rst: w e only consider p ositive

r e al s , i.e., w e do not consider the whole con v ergence half-plane of the Laplace

transform, but only the p ositiv e real axis. This simpli�es the computations

signi�can tly , without limitation of its generalit y , since the Laplace transform is

an analytical function. It is, therefore, determined in the whole con v ergence

half-plane b y its v alues on the real axis, where the in tegral (3.101) is real.

With cos(kx) = Re(e� ikx ) and sin(kx) = Re(ie� ikx ) , (3.101) can b e written as

w1r

u1r

�
= Re

R1
0

R pp (k )
sm 1

�
m1

� k

�
e� i (kx + m 1 (h � z)) dk

w2

u2

�
= Re

R1
0

B pp (k )
sm 1

�
� m2

� k

�
e� i (kx + m 1 h+ m 2 z) dk

9
>>=

>>;
: (3.103)

The next step is a c hange of the in tegration v ariables

u =
ik
s

so that the in tegration path is no w along the p ositiv e imaginary u -axis. The

transformation of the square ro ot m1;2 giv es

m1;2 = � i

 

� s2u2 +
s2

� 2
1;2

! 1=2

= � is
�
� u2 + � � 2

1;2

� 1=2

= � s
�
u2 � � � 2

1;2

� 1=2
= � sa1;2

with

a1;2 =
�
u2 � � � 2

1;2

� 1=2
: (3.104)

The transformed in tegration path is, therefore, in the sheet of the R iemann

plane of the square ro ot a1;2; in whic h a1;2 ' u for juj ! 1 holds (and not in

the sheet with a1;2 ' � u ). In tro ducing (3.104) in (3.100), giv es
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Rpp(u) =
� 2a1 � � 1a2

� 2a1 + � 1a2
and Bpp (u) =

2� 1a1

� 2a1 + � 1a2
: (3.105)

With k = � isu and dk = � isdu , it follo ws from (3.103)

w1r

u1r

�
= Re

Z + i 1

0
Rpp (u)

�
� i

� u
a1

�
e� s(ux � ia 1 (h � z)) du (3.106)

w2

u2

�
= Re

Z + i 1

0
Bpp (u)

�
i a2

a1

� u
a1

�
e� s(ux � ia 1 h� ia 2 z) du: (3.107)

These expressions already ha v e a certain similarit y with (3.102) since s only

o ccurs in the exp onen tial term. The next step is, therefore, a new c hange in the

in tegration v ariable

in (3.106)

t = ux � ia1(h � z) (3.108)

in (3.107)

t = ux � ia1h � ia2z: (3.109)

F rom b oth equations, u has to b e determined as a function of t and has to

b e inserted in (3.106) and (3.107), resp ectiv ely . This will b e discussed later

in more detail. A t the same time, the in tegration path has to b e transformed

accordingly . F or u = 0 , it follo ws from (3.108) and (3.109), resp ectiv ely , that

t(0) = t0 = h� z
� 1

t(0) = t0 = h
� 1

+ z
� 2

:

�
(3.110)

The transformed in tegration paths C1 (for (3.106)) and C2 (for (3.107)), re-

sp ectiv ely , start on the p ositiv e real t-axis. F or u ! + i1 , they approac h an

asymptote in the �rst quadran t whic h passes through the cen tre of the co or-

dinate system and has the slop e tan 
 = x=(h � z) (for the case (3.108)) and

tan 
 = x=(h + z) (for the case (3.109)). In (3.108), z is alw a ys negativ e in

(3.109) alw a ys p ositiv e. The transformed in tegration paths are sho wn in Fig.

3.45.
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Fig. 3.45: T ransformed in tegration paths.

In the case of the re�ected w a v e (left in Fig. 3.45), C1 is part of a h yp erb ola;

in the case of the refracted w a v e, C1 is part of a curv e of higher order whic h is

similar to a h yp erb ola. W e then get

w1r

u1r

�
= Re

Z

C1

Rpp(u(t))

(
� i

� u( t )
a1 (u( t ))

)
du
dt

e� st dt (3.111)

w2

u2

�
= Re

Z

C2

Bpp(u(t))

(
ia 2 (u( t ))
a1 (u( t ))

� u( t )
a1 (u( t ))

)
du
dt

e� st dt: (3.112)

The last step is no w to deform the paths C1 and C2 to w ards the real axis ac-

cording to Cauchy's inte gr al . The path C1;2 can no w b e replaced b y the path

C1;2 + C0
1;2 in Fig. 3.46 if no p oles of the in tegrands in (3.111) and (3.112) are

lo cated inside the t w o paths.

t0

C1,2

C'1,2

C1,2

Ret

tIm

Fig. 3.46: In tegration paths in the complex plane.
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This is satis�ed b ecause the only singularities of a1 and a2 are the br anch p oints

u = � � � 1
1 and u = � � � 1

2 , resp ectiv ely , and these branc h p oin ts are in tegrable

singularities and not p oles. Finally , the con tribution of the curv e C0
1;2 go es to

zero if its radius b ecomes in�nite. Th us,

w1r

u1r

�
=

Z 1

h � z
� 1

Re

"

Rpp (u(t))

(
� i

� u( t )
a1 (u( t ))

)
du
dt

#

e� st dt

+
Z h � z

� 1

0
[0]e� st dt (3.113)

w2

u2

�
=

Z 1

h
� 1

+ z
� 2

Re

"

Bpp (u(t))

(
ia 2 (u( t ))
a1 (u( t ))

� u( t )
a1 (u( t ))

)
du
dt

#

e� st dt

+
Z h

� 1
+ z

� 2

0
[0]e� st dt: (3.114)

In these expressions, only the real part of the square brac k ets has to b e consid-

ered since e� st
is real and the in tegration is only o v er real t . The addition of the

second in tegral with v anishing con tribution w as only done for formal reasons, to

allo w in tegration o v er t from 0 to 1 according to (3.102). Equation (3.113) and

(3.114) ha v e, therefore, the standard form of a Laplace transform, from whic h

the original function can b e read dir e ctly . The displacemen ts W1r and U1r of

the re�ected w a v e are, therefore, zero b et w een the time 0 and (h� z)=� 1 . This is

not surprising since (h � z)=� 1 is the tra v el time from the source p erp endicular

do wn to the re�ecting in terface and bac k to lev el z of the source. This time

is, therefore, smaller, or at most equal, to the tra v el time of the �rst re�ected

onsets at this p oin t. F or t > (h � z)=� 1 it holds that

W1r

U1r

�
= Re

"

Rpp (u(t))

(
� i

� u( t )
a1 (u( t ))

)
du
dt

#

(3.115)

with u(t) from (3.108).

Similarly , the displacemen ts W2 and U2 of the di�racted w a v e for 0 � t <
h=� 1 + z=� 2 are zero, and for t > h=� 1 + z=� 2 , it holds that

W2

U2

�
= Re

"

Bpp(u(t))

(
ia 2 (u( t ))
a1 (u( t ))

� u( t )
a1 (u( t ))

)
du
dt

#

(3.116)

with u(t) from (3.109).

All that is needed to calculate these relativ ely simple algebr aic functions , is the

solutions of (3.108) and (3.109), with resp ect of u as a function of real times
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t > t 0 (from (3.110)) and the kno wledge of the deriv ativ e

du
dt . In the case of

(3.108), this is v ery easy since here u can b e giv en explicitly

u(t) =

8
<

:

x
R

2 t � h� z
R

2

�
t2
1 � t2

� 1
2

for

h� z
� 1

� t � t1 = R
� 1

x
R

2 t + i h� z
R

2

�
t2 � t2

1

� 1
2

for t > t 1:
(3.117)

R =
�
x2 + ( h � z)2

� 1=2
is the distance of the source p oin t from its mirror image,

i.e., from the p oin t with the co ordinates x = 0 and z = + h ; t1 = R=� 1 is,

according to F ermat's principle , the tra v el time of the actual re�ection from the

in terface. The curv e of u(t) is giv en in Fig. 3.47. The deriv ativ e du=dt can b e

computed directly from (3.117). It has a singularit y at t = t1 .

Fig. 3.47: The path of u(t) in the complex plane.

In the case of the refracted w a v e, u(t) has to b e computed n umerically with a

similar curv e as for the re�ected w a v e (Fig. 3.47).

Fig. 3.47: The path of u(t) for the refracted w a v e in the complex plane.
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The n umerical computations of u(t) , and its deriv ativ e, are p ossible without

a large e�ort. In the follo wing section, w e fo cus on the re�ected w a v e using

(3.115) and (3.117).

3.8.4 Discussion of re�ected w a v e t yp es

W e assume that the P -v elo cit y in the lo w er half-space is larger than that of

the upp er half-space con taining the line source; � 2 > � 1 . First, w e consider

receiv ers P(x; z) for whic h u(t1) = x=(R� 1) < � � 1
2 . Since x=R = sin ' ( ' =

angle of incidence), this means that sin ' < � 1=� 2 = sin ' �
( ' �

= critical angle

of incidence), and this implies pr e-critic al incidenc e of the cylindric al wave .

Fig. 3.49: Sk etc h for line source and its mirror p oin t.

In this case, u(t) for t < t 1 is smaller than � � 1
2 and, th us, ev en smaller than � � 1

1 .

Therefore, a1(u(t)) and a2(u(t)) , according to (3.104), are p ositiv e imaginary ,

and Rpp (u(t)) , according to (3.105), is real. Since du/dt is real for the times

considered, it follo ws with (3.115) that the real part of the square brac k ets for all

t < t 1 is zero. F or t > t 1 , u(t) b ecomes complex, and the real part is non-zero.

Not surprisingly , the displacemen t, therefore, starts at t = t1 .

If � 1 < � 2 , this argumen t holds for arbitrary receiv er lo cations in the upp er

half-space.

If u(t1) = x=(R� 1) > � � 1
2 , the angle of incidenc e ' is lar ger than the angle ' �

,

and w e exp ect a he ad wave as the �rst onset. In this case, a2(u(t)) b ecomes

real at the time t2 whic h is de�ned via u(t2) = � � 1
2 . The same do es not hold for

a1(u(t)) . Th us, Rpp (u(t)) has non-zero real and imaginary parts for t > t 2 , and,

therefore, (3.115) is already non-zero for t > t 2 . Putting u = � � 1
2 in (3.108), it

follo ws that

t2 =
x
� 2

+ ( h � z)( � � 2
1 � � � 2

2 )
1
2 < t 1:
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This is the arriv al time of the head w a v e as exp ected according to F ermat's

principle for the ra y path from Q to P(x,z) in Fig. 3.50.

Fig. 3.50: P ath of head w a v e from source Q to receiv er P .

Considering this case at time t = t1 , w e exp ect, due to the sudden c hange in the

curv e on whic h u(t) propagates, signi�can t c hanges in the displacemen t (3.115),

i.e., that the r e�e ction pr op er giv es a signi�can t signal, and this is something

whic h indeed can b e observ ed.

Our deriv ation has sho wn that the head w a v e, and also the re�ection, can b e

deriv ed from the p oten tial � 1r , i.e., no separate description w as necessary for the

head w a v e. If w e had studied solid media, w e, p ossibly , could ha v e iden ti�ed

a second arriv al whic h is an additional in terface or b oundary w a v e ( P to S

con v ersion) (compare, e.g., the w ork b y Garvin quoted earlier). In section 3.7

(see head w a v e in Fig. 3.37), w e encoun tered a similar situation in that the

head w a v e w as included in the solution. Both metho ds (re�ectivit y metho d in

section 3.7 and GR T this section) giv e a complete solution unless simpli�cations

for n umerical reasons are in tro duced.

Fig. 3.51: Sk etc h of the displacemen t (in horizon tal and v ertical direction) for

pre-critical (left) and p ost-critical (righ t) incidence, resp ectiv ely .
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F or t ! 1 , the limit of the displacemen t is non-zero, as for the case of the in-

ciden t w a v e (compare (3.96)). The singularities at t = t1 are alw a ys in tegrable.

Therefore, con v olution with a realistic excitation function F(t) is alw a ys p ossi-

ble. On the righ t side of Fig. 3.51, the displacemen t starts b efore the re�ection

prop er arriving at t1 . F ermat's principle, therefore, do es not giv e exactly the

arriv al time of the �rst onset in the case where the re�ection is not the �rst

arrival .
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Fig. 3.52: Theoretical seismograms (v ertical displacemen t) for a crustal mo del.

P arameters: � 1 = 6 ; 4km =s ; � 2 = 8 ; 2 km =s ; � 1 = 3 ; 0 g =cm

3; � 2 = 3 :3 g =cm

3
,

h = 30 km ; z = � 30 km. On the left, the exact seismograms (GR T) and

on the righ t a w a v efron t appro ximation is sho wn. F rom G. Müller: Exact

ra y theory and its application to the re�ection of elastic w a v es from v ertically

inhomogeneous media, Geoph ys. Journ. R.A.S. 21, S. 261-283, 1970.

F or realistic F(t) , this discrepancy is usually small. A full example using the

theory of this section, is giv en in Fig. 3.50b. F or a description of the di�eren t

w a v e t yp es etc ., see also section 3.7.2.

In the case of a la y ered medium with mor e than one interfac e , the w a v e �eld can

b e brok en in to separate ra y con tributions, as w as done for the lamella in section

3.6.5. F or eac h ra y con tribution, a form ula of the t yp e of (3.115) or (3.116) can

b e giv en, whic h can con tain head or b oundary w a v e con tributions. This is the

reason for the name "exact or generalised ra y theory". Another common name

is the "Cagniard-de Ho op-metho d".

Exercise 3.12:

Giv e w a v efron t appro ximations for the re�ected w a v e and head w a v e, i.e., ex-

pand (3.115) around the arriv al times t1 (of the re�ection) and t2 (of the head

w a v e), resp ectiv ely . Distinguish b et w een slow ly v arying con tributions, whic h

can b e replaced b y their v alues for t = t1 and t = t2 , resp ectiv ely , and r apid ly

v arying terms, whic h dep end on t � t1; t1 � t and t � t2 , resp ectiv ely .

3.9 Ra y seismics in con tin uous inhomogeneous

media

With the re�ectivit y metho d and the GR T, w e ha v e discussed w a v e-seismic

metho ds, whic h if applied in c ontinuous inhomo gene ous media (in our case v er-

tically inhomogeneous media), require a segmen tation in homogeneous regions

(in our case homogeneous la y ers). W a v e-seismic metho ds for con tin uous in-

homogeneous media, without this simpli�ed represen tation of real media, are

often more complicated (compare example in section 3.10). In this section, w e

will no w sk etc h the r ay-seismic (or r ay-optic al) appr oximation of the w a v e the-

ory in inhomogeneous media. W e will also sho w that it is the high fr e quency

appr oximation of the equation of motion (2.20) for the inhomogeneous elastic

con tin uum. W e restrict our discussion again to a simpli�ed case, namely the

propagation of SH -w a v es in a t w o-dimensional inhomogeneous medium. The

source is assumed to b e a line-source in the y -direction where densit y � , S -

v elo cit y � and shear mo dulus � dep end only on x and z . The only non-zero

displacemen t comp onen t is in the y -direction v = v(x; z; t ) .
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3.9.1 F ermat's principle and the ra y equation

F ermat's principle states that the tra v el time of the ( SH -)w a v e from the source

Q to an arbitrary receiv er P along the seismic r ay is an extr emum and, ther e-

for e, stationary , i.e., along eac h in�nitesimal ly adjac ent p ath b et w een P and Q

(dashed in Fig. 3.53) the tra v el time is either larger or smaller.

Fig. 3.53: Ra y with extrem um path and in�nitesimally adjacen t ra y .

In most cases, the tra v el time along a seismic ra y is a minim um, but there

are also cases, where it is a maxim um (e.g., the b o dy w a v es PP , SS, PKKP).

If w e describ e an arbitrary path from P to Q via a p ar ameter r epr esentation

f x = x(p); z = z(p)g, the elemen t of the arc length s can b e written as

ds =

" �
dx
dp

� 2

+
�

dz
dp

� 2
# 1

2

dp: (3.118)

W e consider no w many suc h paths from Q to P . They all ha v e the same v alue

p = p1 at Q and p = p2 at P , resp ectiv ely . Therefore, p cannot b e iden tical to

s ; p could, for example, b e the angle b et w een the line connecting the co ordinate

cen tre to the p oin t along the w a y and the x- or z- axis. The seismic ra y is the

path for whic h

T =
Z p2

p1

� � 1 (x(p); z(p))

" �
dx
dp

� 2

+
�

dz
dp

� 2
# 1

2

dp =
Z p2

p1

F
�

x; z;
dx
dp

;
dz
dp

�
dp

dx
dp

= x0;
dz
dp

= z0

is an extrem um. The determination of the seismic ra y has, therefore, b een

reduced to a problem of c alculus of variations . This leads to the Euler-L agr ange

e quations

@F
@x

�
d
dp

@F
@x0

= 0 and

@F
@z

�
d
dp

@F
@z0

= 0 :
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This giv es then, for example,

�
x02 + z02� 1

2
@

@x

�
1

� (x; z)

�
�

d
dp

�
1

� (x; z)
x0

(x02 + z02)
1
2

�
= 0 :

Division b y (x02 + z02)1=2
, m ultiplication of nominator and denominator of the

square brac k et with dp , and use of (3.118) giv es

d
ds

�
1
�

dx
ds

�
=

@
@x

�
1
�

�
: (3.119)

Similarly ,

d
ds

�
1
�

dz
ds

�
=

@
@z

�
1
�

�
: (3.120)

Equations (3.119) and (3.120) are the di�er ential e quations of the seismic r ay in

the parameter represen tation f x = x(s); z = z(s)g where s is no w the arc length

of the ra y . With

dx
ds

= sin ';
dz
ds

= cos '

( ' = angle of the ra y v ersus the z -direction), it follo ws that

d
ds

�
sin '

�

�
= @

@x

�
1
�

�

d
ds

�
cos '

�

�
= @

@z

�
1
�

�

9
=

;
: (3.121)
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Q

P

dx
dzj

ds

z

x

Fig. 3.54: Ra y in x-z co ordinate system.

These t w o equations can no w b e con v erted in to another form of the ra y equation

(sho w)
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@'
ds

=
1
�

�
sin '

@�
@z

� cos'
@�
@x

�
: (3.122)

This di�eren tial equation for ' (s) is w ell suited for n umerical computations of

the ra y path. The in v erse of d'=ds

r =
ds
d'

= �
�

sin '
@�
@z

� cos'
@�
@x

� � 1

(3.123)

is the r adius of the curvatur e of the ra y . The ra y is curv ed strongly (r is smaller)

where the v elo cities c hange strongly ( r � large).

Sp ecial cases

a) � = const.

F rom (3.122), it follo ws that d'=ds = 0 . The ra y is straigh t.

b) � = � (z) (no dep endence on x )

The �rst equation in (3.121) giv es, after in tegration,

sin '
�

= q = const (3.124)

along the whole ra y ( Snel l's law) where q is the r ay p ar ameter of the ra y . F or

sources and receiv ers at the lev el z = 0 the ra y is symmetric with resp ect to its

ap ex S . The ra y parameter q is connected to the tak e-o� angle ' 0 , the seismic

v elo cities � (0) at the source and the turning p oin t � (zs) , resp ectiv ely , via

q =
sin ' 0

� (0)
=

1
� (zs)

:

�� ��
��
��
��

��

����

���������� ����������

z

xQ P

j
S

zs

Dz=0

Fig. 3.55: Ra y in 1-D medium.
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A turning p oin t depth zs is only p ossible if � (z) < � (zs) for all z < z s . F or

distance � in whic h the ra y reapp ears at lev el z = 0 , it holds (using (3.124))

that

�( q) = 2
Z S

Q
dx = 2

Z zs

0
tan 'dz = 2 q

Z zs

0

�
� � 2(z) � q2� 1

2 dz: (3.125)

The ra y's tra v el time is

T(q) = 2
Z S

Q

ds
�

= 2
Z zs

0

dz
� cos'

= 2
Z zs

0
� � 2(z)

�
� � 2(z) � q2� � 1

2 dz: (3.126)

Equations (3.126) and (3.127) are parameter represen tations of the tr avel time

curve of the mo del. An example for ra y paths and tra v el time curv es in a mo del

with a transition zone is giv en in Fig. 3.56.

Fig. 3.56: Ra y paths and tra v el time curv es in a mo del with a transition zone.

The slop e of the tra v el time curv e is (sho w)

dT
d�

= q: (3.127)

c) � = a + bx + cz (linear dep endence from x and z )

In this case, it follo ws from
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d'
ds

=
csin ' � bcos'

�

and b y di�eren tiation with resp ect to s ( ' and � are functions of s via x and z )

d2'
ds2 =

ccos' + bsin '
�

d'
ds

�
csin ' � bcos'

� 2 (bsin ' + ccos' ) = 0 :

This implies d'=ds is a constan t and, therefore, the curv ature radius along the

whole ra y . The r ay is, ther efor e, a cir cle, or a se ction of it. Its radius r follo ws

from (3.123) if � is c hosen iden tical to the v alue at the source Q and ' equal

to the tak e-o� angle ' 0 . M, the cen tre of the circle, can b e found from Q as

sho wn in Fig. 3.57.

Fig. 3.57: Ra y paths in a mo del with a linear v elo cit y la w in x and z.

The tra v el time from Q to P is

T =
Z P

Q

ds
�

=
Z ' 1

' 0

d'
csin ' � bcos'

=
�
c2 + b2� � 1

2 ln

8
<

:

tan
h

( ' 1 � � )
2

i

tan
h

( ' 0 � � )
2

i

9
=

;

with � = arctan( b=c):

An arbitr ary v elo cit y la w � (x; z) , giv en at discrete p oin ts (xn ; zn ) in a mo del,

can linearly b e in terp olated piece-wise b et w een three neigh b ouring p oin ts. Then

the la ws deriv ed here can b e applied. The ra y then consists of sev eral sections of

circles, and at the transition b et w een t w o regions with di�eren t linear v elo cit y

la ws, the tangen t to the ra y is con tin uous. A corresp onding tra v el time and

plotting program is, for man y practical applications, already su�cien t.

Exercise 3.13

a) Sho w that p oin t M is on the line � = 0 .

b) Deriv e the form ula for T giv en ab o v e.
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3.9.2 High frequency appro ximation of the equation of

motion

The equation of motion for inhomogeneous, isotropic media (2.20) can for SH -

w a v e propagation in t w o-dimensional media without v olume forces, b e simpli�ed

to

�
@2v
@t2

=
@

@x

�
�

@v
@x

�
+

@
@z

�
�

@v
@z

�
: (3.128)

F or the time harmonic case w e use the ansatz

v(x; z; t ) = A(x; z) exp [i! (t � T (x; z))] : (3.129)

This is an ansatz for high fr e quencies since only for suc h frequencies can w e

exp ect that amplitude A(x,z) and tra v el time function T(x,z) to b e frequency

indep enden t in inhomogeneous media. In homogeneous media far from in ter-

faces, this is true for all frequencies as long as one is a few w a v elengths a w a y

from the source. Using (3.129) in (3.128), and sorting with resp ect to p o w ers of

! , it follo ws that

! 2A

(

�

" �
@T
@x

� 2

+
�

@T
@z

� 2
#

� �

)

+ i!A
�

@�
@x

@T
@x

+
@�
@z

@T
@z

+ �
�

@2T
@x2

+
@2T
@z2

�
+ 2 �

�
@ln A

@x
@T
@x

+
@ln A

@z
@T
@z

��

�
�

@�
@x

@A
@x

+
@�
@z

@A
@z

+ �
�

@2A
@x2

+
@2A
@z2

��
= 0 : (3.130)

F or su�cien tly high frequencies, the three terms of this equation are of di�er ent

magnitudes. T o satisfy (3.130), eac h term has then to b e zero indep enden tly ,

esp e cial ly the �rst two terms

�
@T
@x

� 2

+
�

@T
@z

� 2

=
1

� 2 (3.131)

2�
�

@ln A
@x

@T
@x

+
@ln A

@z
@T
@z

�
= �

@�
@x

@T
@x

�
@�
@z

@T
@z

� � r 2T: (3.132)

Equation (3.131) is the Eikonal e quation , and it con tains on the righ t side the

lo cation-dep enden t S -v elo cit y � = ( �=� )1=2
. After solving the Eik onal, T is

inserted in in the tr ansp ort e quation (3.132), and ln A and A are determined.

This, in principle, solv es the problem. The frequency-indep enden t third term



120 CHAPTER 3. BOD Y W A VES

in (3.130) will usually not b e zero with A from (3.132). Solution (3.129) is,

therefore, not exact, but b ecomes more accurate, the higher the frequency .

W e still ha v e to deriv e the conditions under whic h the �rst t w o terms of (3.130)

are indeed of di�eren t order and, therefore, the separation in to (3.131) and

(3.132) is v alid. The condition follo ws from the requiremen t that e ach single

summand in the second term has to b e small with resp ect to e ach single sum-

mand in the �rst term, for example,

�
�
�
� !

@�
@x

@T
@x

�
�
�
� � ! 2�

�
@T
@x

� 2

:

F rom (3.131), it follo ws roughly j@T=@xj = 1 =� . Th us,

�
�
�
�
�
�

@�
@x

�
�
�
� � !:

With � = �� 2
, it follo ws

�
�
�
�
�
�

@�
@x

+ 2
@�
@x

�
�
�
� � !: (3.133)

Similar relations follo w from the other summands in (3.130). Usually , the re-

quired conditions are form ulated as follo ws: the high frequency appro ximations

(3.131) and (3.132) are v alid for frequencies whic h are large with resp ect to the

velo city gr adients

! � jr � j =

" �
@�
@x

� 2

+
�

@�
@z

� 2
# 1

2

: (3.134)

Equation (3.133) sho ws also, that densit y gradien ts ha v e also an in�uence.

Equation (3.134) can b e expressed ev en more ph ysically: the relativ e c hange

of the v elo cit y o v er the distance of a w a v elength has to b e smaller then 2�
(sho w).

Example

W e solv e (3.131) and (3.132) in the simplest case of a plane SH -w a v e propagating

in z-direction with the assumption that �; � and � dep end only on z . Ansatz

(3.129) then simpli�es to

v(z; t) = A(z) exp [i! (t � T (z))] : (3.135)

The solution of (3.131) is
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dT
dz

=
1

� (z)
; T (z) =

Z z

0

d�
� (� )

where T(z) is the S-wave tr avel time , with resp ect to the reference lev el z = 0 .

Equation (3.132) can b e written as

2�
�

d ln A
dz

= �
1
�

d�
dz

+
�
� 2

d�
dz

:

Th us,

d ln A
dz

=
1
2

�
d ln �

dz
�

d ln �
dz

�
=

d ln ( �� ) � 1
2

dz

A(z) = A(0)
�

� (0)� (0)
� (z)� (z)

� 1
2

:

The amplitudes of the SH -w a v e v ary , therefore, in v ersely prop ortional to the

imp edance �� . The �nal solution of (3.135) is

v(z; t) = A(0)
�

� (0)� (0)
� (z)� (z)

� 1
2

exp
�
i!

�
t �

Z z

0

d�
� (� )

��
: (3.136)

F rom these results w e conclude that, in the case considered, an impulsive , high

frequen t SH -w a v e propagates without c hanging its form.

Exercise 3.14

V ary the v elo cit y � and the densit y � not c ontinuously from depth 0 to depth

z , but via a step somewhere in b et w een. Then the amplitudes can b e deriv ed

exactly via the SH -refraction co e�cien t (3.40). Sho w that (3.136) giv es the

same results if the relativ e c hange in imp edance is small with resp ect to 1.

Hin t: Expansion in b oth cases.

3.9.3 Eik onal equation and seismic ra ys

F rom (3.129), it follo ws that surfaces of constan t phase are giv en b y

t � T (x; z) = const:

In the impulse case, these surfaces are the w a v efron ts separating p erturb ed and

unp erturb ed regions. This is wh y the term w a v efron t is used also here. Complete

di�eren tiation with resp ect to t giv es
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@T
@x

dx
dt

+
@T
@z

dz
dt

= r T �
�!
dx
dt

= 1 ; (3.137)

where

�!
dx=dt = ( dx=dt; 0; dz=dt) is the propagation v elo cit y of the w a v efron t.

The ob vious in terpretation of (3.137) for isotropic media is that

�!
dx=dt and the

v ector r T , whic h is p erp endicular to the w a v efron t, are parallel, since according

to the Eik onal equation (3.131) jr T j = 1 =� , it holds that

�
�
�
�!
dx=dt

�
�
� = � . This

means that the w a v efron ts propagate p erp endicular to themselv es with the lo cal

v elo cit y � .

The ortho gonal tr aje ctories of the wave are de�ned as seismic ra ys. W e still ha v e

to sho w that they are the ra ys de�ned via the F ermat's principle. W e demon-

strate this b y sho wing that the di�eren tial equations of the seismic ra y , (3.119)

and (3.120), also follo w from the Eik onal equation. As b efore, w e describ e the

ra y via its parameter represen tation f x = x(s); z = z(s)g with the arc length

s . V ector

�!
dx=ds = ( dx=ds;0; dz=ds) is a unit v ector in ra y direction for whic h,

using the statemen ts ab o v e, w e can write

�!
dx
ds

= � r T = � (@T=@x;0; @T=@z): (3.138)

Instead of (3.119), w e, therefore, ha v e

d
ds

�
1
�

dx
ds

�
=

d
ds

�
@T
@x

�
:

Using (3.138) and the Eik onal equation on the righ t side, w e deriv e

d
ds

�
1
�

dx
ds

�
=

@2T
@x2

dx
ds

+
@2T
@x@z

dz
ds

= �
�

@2T
@x2

@T
@x

+
@2T
@x@z

@T
@z

�

=
�
2

@
@x

" �
@T
@x

� 2

+
�

@T
@z

� 2
#

=
�
2

@
@x

�
1

� 2

�

=
�
2

(� 2)
� 3

@�
@x

= �
1
� 2

@�
@x

=
@
@x

�
1
�

�
:

That is iden tical to (3.119) and a similar deriv ation holds for (3.120). The

follo wing is the r ay e quation in ve ctor form , whic h is also v alid in the three-

dimensional case

d
ds

 
1
�

�!
dx
ds

!

= r
1
�

: (3.139)
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This sho ws that r ay seismics is a high fr e quency appr oximation of wave seis-

mics . W e ha v e, un til no w, limited the discussion on kinematic asp ects of w a v e

propagation, i.e., on the discussion of w a v e paths, tra v el times and phases.

Dynamic parameters, esp ecially amplitudes, w ere not discussed except in the

simple example in section 3.9.2. The follo wing section giv es more details on this

asp ect.

Before doing this, w e giv e the form of (3.139) whic h is often used in n umerical

calculations, esp ecially in three dimensions. The single ordinary di�eren tial

equation of 2nd order for

�! x (3.139) is replaced b y a system of two equations of

1st order for

�! x and the slo wness v ector

�! p = 1
�

�!
dx
ds (v ector in ra y direction with

the absolute v alue

1
� )

�!
dx
ds

= � �! p ;
�!
dp
ds

= r
1
�

:

E�ectiv e n umerical metho ds for the solution of systems of ordinary di�eren tial

equations of 1st order exist, e.g., the Runge-Kutta-metho d.

3.9.4 Amplitudes in ra y seismic appro ximation

Within the framew ork of ra y seismics dev elop ed from F ermat's principle, am-

plitudes are usually computed using the assumption that the energy radiated

in to a small ra y bundle, remains in that bundle. This assumption implies that

no energy exits the bundle sidew a ys via di�raction or scattering and no energy

is re�ected or scattered bac kw ards. This is only v alid for high frequencies. In

the follo wing, w e deriv e a form ula whic h describ es the c hange of the displace-

men t amplitude along a ra y radiated from a line source in a t w o dimensional

inhomogeneous medium. The medium shall ha v e no discon tin uities.

W e consider (see Fig. 3.58) a ra y bundle emanating from a line source Q with

a width of dl(M ) at the reference p oin t M close to Q and a width of dl(P) near

the p oin t P .

�
�
�
�

��

��
��
��
��

dl(M)

dl(P)
P

M

Q

z

x

Fig. 3.58: Ra y bundle emanating from the source Q.
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Equation (3.129) holds for the displacemen t in M and P , or in real form

v = A sin [! (t � T ] :

Our aim is the determination of the amplitude ration A(P)=A(M ) . W e �rst de-

termine the energy densit y of the w a v e, i.e., the sum of kinetic and p oten tial en-

ergy p er unit v olume. The kinetic energy densit y is

1
2 � _v2 = 1

2 �! 2A2 cos2 [! (t � T )] .

A v eraged o v er the p erio d 2�=! , the p oten tial and kinematic energy densit y ha v e

the same v alue

1
4 �! 2A2

since the a v erage of cos2 x is iden tical to

1
2 . Then the

energy densit y a v eraged o v er a p erio d can b e written as

� E
� V

=
1
2

�! 2A2:

Consider a cub e with the v olume � V = dl dy ds; its cross section dl dy is p er-

p endicular to the ra y bundle and its length ds is exactly 1 w a v elength � 2�=! .

The energy

� E =
1
2

�! 2A2� V = �!��A 2dl dy

con tained within this cub e �o ws p er p erio d through the cross section dl dy of

the ra y bundle. Since no energy lea v es the bundle, � E at P is the same as at

M . F rom this the amplitude r atio follo ws as

A(P)
A(M )

=
�

� (M )� (M )dl(M )
� (P)� (P)dl(P)

� 1
2

: (3.140)

As in (3.136), imp edance c hanges o ccur along the ra y . The square ro ot of

the c hange in the cross section is the imp ortan t parameter for the amplitude

v ariation. In the most general three-dimensional case, dl has to b e replaced b y

the cross section surfac e of the thr e e-dimensional ra y bundle.

Equation (3.140) can b e appro ximated b y tracing su�cien tly man y ra ys through

the medium using the metho ds discussed previously , and then determining their

p erp endicular distances (or cross-section surfaces in three dimensions). These

metho ds are based mainly on the solution of the ra y equation (3.139), whic h is

also called the equation of the kinematic r ay tr acing . A more stringen t approac h

to calculate (3.140) is based on di�eren tial equations whic h are directly v alid

for the cross section of a ra y bundle; they are called equations of the dynamic

r ay tr acing . Their deriv ation cannot b e treated here; for details, see the b o ok

of ƒerv ený , Moloto v and P²encík (1977).

F or p oin t P on a horizon tal pro�le, e.g., at z = 0 , a closer lo ok at (3.140) and

Fig. 3.59 helps in understanding the ph ysical meaning.
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j 0

D d

D d
dj 0

j 0dl(P)=cosj d

x,D

j 0dl(M)=ad
��

�
�
�
�

��
��
��
��Q

z

M

P

D

j

a

Fig. 3.59: Ra y paths in an inhomogeneous medium.

The horizon tal distance of P is �( ' 0) with the tak e-o� angle ' 0 of the ra y from

Q to P . The distance of the reference p oin t M from Q is a . With dl(M ) and

dl(P) from Fig. 3.59, it follo ws from (3.140) that

A(P)
A(M )

=
�

� (M )� (M )
� (P)� (P)

� 1
2

�

2

4 a

cos'
�
�
� d�

d' 0

�
�
�

3

5

1
2

: (3.141)

This expression sho ws that problems o ccur if P is on, or close to, the neigh-

b ourho o d of turning p oints of the tr avel time curve on the horizon tal pro�le

(compare, e.g., the tra v el time curv e in Fig. 3.56). A t these p oin ts, d� =d' 0

c hanges its sign, and that can happ en either with a con tin uous or non-con tin uous

pass through a zero. In the �rst case, in�nite amplitudes o ccur in P ; in the sec-

ond case, the amplitudes b ecome non-con tin uous. Both cases are unrealistic

and nonph ysical. Equations (3.141) and (3.140), resp ectiv ely , can, therefore,

only b e used at some distance from the turning p oin ts (caustics) of the tra v el

time curv es. Unfortunately , this means that the p oin ts with some of the largest

amplitudes cannot b e treated prop erly under these assumptions; more sophisti-

cated metho ds (lik e the WKBJ metho d, to b e discussed later, or the Gaussian

Beam metho d) m ust b e emplo y ed.

Despite this disadv an tage, the form ulae giv en ab o v e (and their corresp onding

equations in three dimensions) are v ery useful in seismological applications.

They can b e easily extended to include refractions and re�ections at discon-

tin uities. This requires the determination of c hanges in the cross section of

the ra y bundle at discon tin uities, and the inclusion of re�ection and refraction

co e�cien ts.

A further problem of the energy ansatz used in this section is that it only

giv es the amplitudes of a seismic ra y but no information on its phase c hanges

that o ccur in addition to the phase c hanges in the tra v el time term. It is not

alw a ys su�cien t to add exp [i! (t � T )] to (3.140) and (3.141), resp ectiv ely , e.g.,

on retrograde tra v el time branc hes in the case that the v elo cities are only a
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function of z . The WKBJ metho d and the Gaussian Beam metho d solv e this

problem b y trac king an additional parameter, the KMAH index named after

Keller, Maslo v, Arnold and Hormander, whic h coun ts the caustics encoun tered

along the ra y .

In the follo wing section, the WKBJ theory for v ertical inhomogeneous media,

whic h a v oids some of the ra y theory problems discussed, is presen ted; it con tains

more w a v e seismic elemen ts.

Exercise 3.15

Use the ra y parameter q instead of the tak e-o� angle ' 0 in the amplitude form ula

(3.141) in the case of a v ertically inhomogeneous medium and then use (3.127).

What is the relation b et w een the amplitudes and the tra v el time curv e T(�) ?

3.10 WKBJ metho d

No w w e will consider total re�ection at a v ertically inhomogeneous medium

using the WKBJ metho d.

3.10.1 Harmonic excitation and re�ection co e�cien t

W e consider a medium whose v elo cit y � (z) for z � 0 is � (0) , i.e., constan t and

for z > 0 can b e an y c ontinuous function of z , i.e., no discon tin uities exist

in the medium. A plane SH -w a v e ma y propagate obliquely in the lo w er half-

space z < 0 with the horizon tal w a v en um b er k = ! sin '=� (0) (ra y parameter

q = sin '=� (0) ( ' = angle of incidence). Note the di�erence to the example in

c hapter 3.9.2 with v ertical propagation.

Then the ra y seismics of the v ertically inhomogeneous medium, section 3.9.1,

suggests inserting @T=@x= q = constant in the Eik onal equation (3.131) (com-

pare with (3.127)). This then, giv es

T(x; z) = qx +
Z z

0

�
� � 2(� ) � q2� 1

2 d�;

and, th us, the tr avel time of the S-wavefr ont from the in tersection of the origin

to the p oin t ( x,z ). The rest of the discussion is as in section 3.9.2., and leads to

v0(x; z; t ) = A(0)
�

� (0)s(0)
� (z)s(z)

� 1
2

exp
�
i!

�
t � qx �

Z z

0
s(� )d�

��
(3.142)

s(� ) =
�
� � 2(� ) � q2� 1

2 : (3.143)
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q is the horizon tal and s is the v ertical slowness of the w a v e. F or q= 0, (3.142)

is iden tical to (3.136). Equation (3.142) is the WKBJ -appro ximation of the

S -w a v e. It is a useful high frequency appro ximation, as long as � � 1(z) > q ,

i.e., as long as the seismic ra y whic h can b e asso ciated with the w a v e is not

pr op agating horizontal ly . If the v elo cit y , e.g., with increasing depth decreases or

if it increases, but do es not reac h the v alue q� 1
, (3.142) is applicable for al l z .

F or cases of in terest and a medium with increasing v elo cities for increasing

depth, a depth zs is reac hed where � (zs) = q� 1
. A t this depth, where the ra y

propagates horizon tally , (3.142) div erges. Equations (3.129), (3.131) and (3.132)

are insu�cient for the description of the w a v e�eld near the turning p oin t of

ra ys. If (3.142) is considered for z > z s with � (z) > � (zs) , i.e., the v elo cit y

con tin ues to increase, a stable result can, again, b e obtained. The in tegral in

the exp onen tial term from zs to z is imaginary , th us, giving an exp onen tial

deca y of the amplitudes with increasing z , i.e., b elo w the ra y's turning p oin t the

amplitude of the SH -w a v e decreases as exp ected. F or z < z s , the w a v e�eld is

insu�cien tly describ ed b y (3.142) since (3.142) represen ts only the do wn w ard

propagating incident SH -w a v e. A similar equation can b e giv en for the r e�e cte d

SH -w a v e up w ard propagating from the turning p oin t

v1(x; z; t ) = RA(0)
�

� (0)s(0)
� (z)s(z)

� 1
2

exp
�
i!

�
t � qx +

Z z

0
s(� )d�

��
: (3.144)

That this w a v e propagates up w ards can b e seen from the p ositiv e sign b efore the

in tegral in the exp onen t. R is, as can b e seen b y the selection z=0 in (3.142) and

(3.144), the amplitude ratio v1(x; 0; t)=v0(x; 0; t) of the re�ected to the inciden t

w a v e; in other w ords, the r e�e ction c o e�cient of the inhomo gene ous half-sp ac e

is z> 0. Its determination requires a quan titativ e connection of the whole �eld

v0 + v1 for z < z s with the already men tioned exp onen tially deca ying �eld for

z > z s . T o tie these t w o solutions together is, as men tioned b efore, not p ossible

with the high frequency appro ximation of the equation of motion used un til

no w.

The required connection b ecomes p ossible with another high frequency appro x-

imation of (3.128), namely a w a v e equation with depth dep enden t v elo cit y

r 2V = @2 V
@x2 + @2 V

@z2 = 1
� 2 (z)

@2 V
@t2

v = 1

�
1
2 (z)

V

)

: (3.145)

This high frequency appro ximation is v alid under condition (3.134), as can b e

sho wn b y inserting in (3.128). F or plane w a v es, it follo ws from the ansatz

V (x; z; t ) = B (z) exp [i! (t � qx)]
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via (3.145) an ordinary di�eren tial equation for B(z)

B 00(z) + ! 2 �
� � 2(z) � q2�

B (z) = 0 : (3.146)

This equation has no w to b e solv ed for large ! . The solutions of B 00(z) +
! 2f (z)B (z) = 0 in the neigh b ourho o d of a zero of f(z) and for large ! is generally

called WKBJ -solution after the authors - W en tzel, Kramers, Brillouin, Je�reys.

F or z < z s , the previously discussed sup erp osition of (3.142) and (3.144) of the

inciden t and re�ected w a v e of v results. F or z > z s the exp onen tially deca ying

solution follo ws. The case that z is in the immediate neigh b ourho o d of zs

has to b e examined in more detail. W e appro ximate the co e�cien t ! 2s2(z)
of B (z) (with s(z) from (3.143)) line arly and get, with s2(zs) = 0 ; � (zs) =
q� 1

and � 0(zs) > 0,

B 00(z) � 2! 2q3� 0(zs)(z � zs)B (z) = 0 : (3.147)

This equation can, with the substitution,

y(z) =
�
2! 2q2� 0(zs)

� 1
3 (z � zs) (3.148)

b e transformed in to the di�eren tial equation of the A iry functions

C00(y) � yC(y) = 0 :

The solution of in terest to us, C(y) = Ai (y) , is discussed in app endix E (more

on Airy functions can b e found in M. Abramo vitz and I.A. Stegun: Handb o ok

of Mathematical F unctions, H. Deutsc h, F rankfurt, 1985). The depths z < z s

( z > z s ) corresp ond to argumen ts y < 0 ( y > 0) of A i(y). F rom Fig. E.2,

it follo ws that the transition from the oscillatory solution B(z) of (3.147) with

z < z s to the exp onen tially damp ed solution for z > z s is without singularity .

This then, also holds for the displacemen t v, in con trast to what one w ould

exp ect from (3.142) and (3.144).

The oscillatory b eha viour of B(z) for z < z s indicates that the inciden t w a v e

v0 and the re�ection v1 , build a standing w a v e with no des of the displacemen t

at depths whic h corresp ond to the zeros of the Airy function. The r e�e ction

c o e�cient R in (3.144) is no w determined in suc h a w a y , that the sup erp osition

of (3.142) and (3.144), in the term that dep ends on z , is iden tical to the Airy

function. Due to the high frequency assumption, the asymptotic form of A i(y)

for large negativ e y can b e used

Ai (y) ' � � 1
2 jyj �

1
4 sin

�
2
3

jyj
3
2 +

�
4

�
: (3.149)

F urthermore, for z < z s
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v0 + v1 = A(0)
h

� (0) s(0)
� (z)s(z)

i 1
2

exp
�
i!

�
t � qx �

Rzs

0 s d�
��

�
�

exp
�
i!

Rzs

z s d�
�

+ R exp
�
2i!

Rzs

0 s d�
�

� exp
�
� i!

Rzs

z s d�
�	

:
(3.150)

The z -dep endence of v0 + v1 is giv en b y the curv ed brac k et. It will no w

b e determined in appro ximation. With the appro ximation (3.147) ! 2s2(� ) =
2! 2q3� 0(zs)(zs � � ) , it follo ws

!
Z zs

z
s d� = �

�
2! 2q3� 0(zs)

� 1
2

Z zs

z
(zs � � )

1
2 d�

= �
�
2! 2q3� 0(zs)

� 1
2

2
3

(z � zs)
3
2

= �
2
3

jyj
3
2

= � Y

with y = y(z) from (3.148). The p ositiv e (negativ e) sign holds for p ositiv e

(negativ e) frequencies. Th us, for the curv ed brac k ets in (3.150)

f� � �g = e� iY + Ze� iY

with the abbreviation

Z = R exp
�
2i!

Z zs

0
s d�

�
: (3.151)

With Z = � i for ! <0 (>0), it follo ws that

f� � �g = (1 � i )(cosY + sin Y ) = 2
1
2 (1 � i ) sin

�
Y +

�
4

�

= 2
1
2 (1 � i ) sin

�
2
3

jyj
3
2 +

�
4

�
;

and, therefore, the required agreemen t with the main term in (3.149). Z = � i
in (3.151) giv es then the r e�e ction c o e�cient in the WKBJ-appr oximation

R = i !
j ! j exp

�
� 2i!

Rzs

0 s(� )d�
�

s(� ) =
�
� � 2(� ) � q2

� 1
2

� (zs) = q� 1 = � (0)
sin ' :

9
>=

>;
(3.152)
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Its absolute v alue is 1 ( total r e�e ction ). It describ es only the phase shifts ,

i.e., a constan t phase shift of � �= 2 for ! < 0 ( ! > 0) is added to the phase

shifts due to the tra v el time in the exp onen tial term of R . Compared to the

re�ection co e�cien ts of la y ered media, deriv ed earlier without appro ximation;

the form of (3.152) is simple . It is only v alid for su�cien tly high frequencies

(condition (3.134)) and for angle of incidence ' with total re�ection. Re�ection

co e�cien ts of the t yp e of (3.152) are useful in seismology but ev en more so for

the propagation of sound w a v es in o ceans or the propagation of radio w a v es in

the ionosphere (compare, e.g., Budden (1961) and of T olsto y and Cla y (1966)).

The r e�e cte d SH-wave observ ed at the co ordinate cen tre follo ws, then, b y in-

serting (3.152) in (3.144)

v1(0; 0; t) = A(0)i
!
j! j

exp
�
i!

�
t � 2

Z zs

0
s(� )d�

��
: (3.153)

Then

� (q) = 2
Z zs

0
s(� )d�

is the delay time , , i.e., the time b et w een the in tersection of the inciden t and

the re�ected w a v e with the co ordinate cen tre. This time dela y corresp onds to

the ra y segmen ts A C, BD , or OP .

Fig. 3.60: Construction of a caustic from the en v elop es of ra ys.

Note that the w a v efron ts are curve d for z> 0; only in the homogeneous region

z< 0 are the w a v efron ts plane.

Fig. 3.60 sho ws also that the line z = zs is the en v elop e of all ra ys. Suc h

en v elop es are called caustics, and they are c haracterised b y large energy con-

cen trations. Within the amplitude appro ximation form ula (3.140), and due to
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d l(P)= 0 for a p oin t P on the caustic z = zs , in�nite amplitudes w ould result

there. The additional phase shift of � �
2 , as discussed b efore, can b e in terpreted

physic al ly as the e�ect of the strong in teraction of eac h ra y with its neigh b ouring

ra ys in the vicinit y of the caustic. More complicated caustics o ccur in v ertically

inhomogeneous media, if the inciden t w a v e is from a p oin t or line source, re-

sp ectiv ely . In suc h cases, the phase shift p er caustic encoun tered, is � �
2 . More

complicated caustics are encoun tered in t w o and three dimensional media.

3.10.2 Impulsiv e excitation and WKBJ-seismograms

If an impulsive wave , pro ducing a displacemen t v0(0; 0; t) = F (t) at the co or-

dinate cen tre, instead of a harmonic w a v e is inciden t, it follo ws from (3.153)

that the corresp onding re�ection is the time dela y ed Hilb ert transform of F(t)

(compare section 3.6.3)

v1(0; 0; t) = FH (t � � (q)) : (3.154)

This means that the re�ection for al l angles of incidence ' (or ra y parameters

or horizon tal slo wness q ) ha v e the same form except for the time dela y � (q) .

This is, therefore, di�eren t from the results for a discon tin uit y of �rst order in

c hapter 3.6.3 (there the impulse form c hanged in the case of total re�ection also

with the angle of incidence ' ).

When cylindric al waves are considered, the principle of sup erp osition is used.

The cylindrical w a v e, assumed to originate from an isotropically radiating line

sour c e in the c o or dinate c entr e , is represen ted b y man y plane w a v es with radi-

ation angles ' from 0 to �= 2. This corresp onds to p ositiv e v alues of q . The

re�ections are sup erimp osed similarly . First, (3.154) is generalised for arbitrary

x > 0

v1(x; 0; t) = FH (t � � (q) � qx) = FH (t) � � (t � � (q) � qx) :

Then these plane w a v es are in tegrated o v er ' from 0 to �= 2 and, th us, the

WKBJ-seismo gr am at distance x from the line source is deriv ed

v(x; 0; t) = FH (t) �
Z �

2

0
� (t � � (q) � qx) d' = FH (t) � I (x; t ): (3.155)

The impulse seismo gr am I (x; t ) can no w b e deriv ed n umerically via

I (x; t ) =
P

i � (t � t i )� ' i

t i = � (qi ) + qi x ; qi = sin ' i
� (0) :

�
(3.156)

Usually , the ' i are c hosen equidistan t (� ' i = � ' = const) . The delta functions

are shifted from the times t i to their immediate neigh b ouring time p oin ts I (x; t )
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and p ossibly amass there, i.e., in the discretised v ersion of I (x; t ) , m ultiples of

� ' o ccur there. I (x; t ) is then con v olv ed with FH (t) . The most time-consuming

part is the computation of the dela y time � (qi ) ; on the other hand, e�cien t ra y-

seismic metho ds exist for that. In comparison to the re�ectivit y metho d and the

GR T, the WKBJ-metho d is signi�can tly faster. There are also other n umerical

realisations of this metho d than (3.155) and (3.156).

WKBJ-seismograms ha v e other phase r elations and impulse forms than ex-

p ected from (3.152) and (3.154), resp ectiv ely . This is due to the summation

of man y plane w a v es. Pro-grade tra v el time branc hes (see Fig. 3.56) sho w no

phase shift, i.e., the impulse form of the inciden t cylindrical w a v e is observ ed

there. Phase shifts and impulse form c hanges only o ccur on retro-grade tra v el

time branc hes. F urthermore, the seismogram amplitudes are �nite in the vicin-

it y of the turning p oin ts of tra v el time curv es, i.e., the WKBJ-metho d is v alid

at caustics.

WKBJ-seismograms for a simple crust-man tle mo del and a line source at the

Earth's surface are sho wn in Fig. 3.61. The computations w ere p erformed with

a program for SH -w a v es; ev en so, the v elo cit y mo del (Fig. 3.62) is v alid for P-

w a v es. An acoustic P-w a v e computation w ould giv e, in principle, the same result

for pr essur e . The tra v el time curv e of the re�ection PM P from the crust-man tle

b oundary (Moho) is retrograde and the tra v el time branc h of the refracted w a v e

Pn from the upp er man tle is prograde. Times are reduced with 8 km/s.

Fig. 3.61: WKBJ-seismograms for a simple crust-man tle mo del and a line source

at the Earth's surface.
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Fig. 3.62: V elo cit y mo del used in Fig. 3.61.

The impulse forms of these w a v es are as exp ected: Pn has the form of the

radiated w a v e, whereas PM P is roughly the Hilb ert transform of it. A t distances

smaller than the critical distance (ca. 100 km), the amplitudes increase strongly .

A t the critical p oin t, whic h is lo cated on a caustic within the crust, the w a v e

�eld remains �nite.

In seismological applications of WKBJ-seismograms, their appro ximate nature,

due to the high frequency appro ximation (3.152) for the re�ection co e�cien t,

should b e k ept in mind. This appro ximation is insu�cien t in regions of the

Earth where w a v e v elo cit y and densit y c hange rapidly with depth, e.g., at the

core-man tle b oundary or at the b oundary of the inner core of the Earth.
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Chapter 4

Surface w a v es

4.1 F ree surface w a v es in la y ered media

4.1.1 Basic equations

In addition to the b o dy w a v es that p enetrate to all depths in the Earth, another

t yp e of w a v e exists whic h is mostly limited to the neigh b ourho o d of the surface of

the Earth called surfac e waves . These w a v es propagate along the surface of the

Earth, and their amplitudes are only signi�can t do wn to the depth of a few w a v e

lengths. Belo w that depth, the displac ement is negligible. Because surface w a v es

are constrained to propagate close to the Earth's surface, their amplitude deca y

as a function of source distance is smaller than for b o dy w a v es, whic h propagate

in three dimensions. This is wh y surface w a v es are usually the dominating

signals in the earthquak e record. Another signi�can t prop ert y is their disp ersion ,

i.e., their propagation v elo cit y is frequency dep enden t. Therefore, the frequency

within a w a v e group v aries as a function of time (compare example in 4.1.4).

These are some of the main observ ations and explanations for surface w a v es.

The �rst scien tists to study surface w a v es (Ra yleigh, Lam b, Lo v e, Stoneley et

al.) found the theoretical descriptions explaining the main observ ations. The

fundamen tal tenet of this approac h is the description of surface w a v es as an

eigenvalue pr oblem but omitting the sour c e of the elastic waves . W e consider a

la y ered half-space with parameters as giv en in Fig. 4.1 with a free surface.

135
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Fig. 4.1: La y ered half-space with free surface.

W e w ork with Cartesian co ordinates x,y,z and assume indep endenc e fr om y .

Then, the equations from section 3.6.2 can b e used whic h ha v e b een deriv ed

to describ e re�ection and refraction. The separation of the displacemen t in to

P-, SV- and SH -con tributions holds as b efore, as do es the fact, that the P-SV-

con tributions propagate indep enden tly from the SH- w a v es. Surface w a v es of the

P-SV- t yp e are called R ayleigh waves . They are p olarised in the x-z- plane

horizon tal displacemen t u = @�
@x � @	

@z

v ertical displacemen t w = @�
@z + @	

@x:
(4.1)

The p oten tials � and 	 , in eac h la y er, satisfy the w a v e equation

r 2� =
1

� 2

@2�
@t2

; r 2	 =
1

� 2

@2	
@t2

: (4.2)

Surface w a v es of the SH -t yp e are called L ove waves . They are p olarised in y -

direction, and for the displacemen t v in eac h la y er the follo wing w a v e equation

holds

r 2v =
1
� 2

@2v
@t2

: (4.3)

The b oundary conditions are giv en in section 3.6.2. The ansatz for � j ; 	 j and vj

in the j-th la y er of the mo del for harmonic excitation ( ! > 0) is

� j

	 j

�
=

�
A j (z)
B j (z)

�
exp

h
i!

�
t �

x
c

�i
=

�
A j (z)
B j (z)

�
exp [i (!t � kx)]

(4.4)
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and

vj = Cj (z) exp
h
i!

�
t �

x
c

�i
= Cj (z) exp [i (!t � kx)] : (4.5)

Consider the conditions for whic h a plane w a v e exists, whic h propagates in x-

direction with the phase velo city c , where c is iden tical in all la y ers. Ho w large

is c ? Then the functions A j (z); B j (z) and Cj (z) exist, so that

lim
z!1

8
<

:

An (z)
Bn (z)
Cn (z)

9
=

;
= 0 : (4.6)

This problem is an eigenvalue pr oblem , and c and the w a v en um b er k = !=c ,

resp ectiv ely , are the corresp onding eigenvalues . In man y cases (for �xed ! ), a

�nite n um b er (� 1) of eigen v alues exist. The problem is comparable to that of

determining the frequencies of natur al oscil lations (or free oscillations) of �nite

b o dies (b eams, plates, b o dies etc .) (compare exercise 4.1).

Here w e are only in terested in the case where the eigen v alues are real (>0). This

has the largest practical application. The corresp onding surface w a v es are called

normal mo des . There exist also w a v es whic h can b e describ ed with complex k :

k = k1 � ik 2 ( k1;2 > 0). These surface w a v es are called le aking mo des since

their amplitude decreases exp onen tially with exp(� k2x) . Their phase v elo cit y

is !=k 1 .

The ansatz with plane w a v es neglects the in�uence of excitation. This, then,

leads to a ma jor simpli�cation of the problem. Suc h surface w a v es are called fr e e

in con trast to for c e d surface w a v es whic h are excited b y sp eci�c sources. The

analogy to the free and forced resonances of limited b o dies is also helpful here in

the con text of excitation. The treatmen t of free surface w a v es is an imp ortan t

requiremen t for the study of forced surface w a v es (compare section 4.2). W e will

so on sho w that the disp ersiv e prop erties of b oth w a v e t yp es are iden tical. Since

this prop ert y dep ends on the medium, they can b e used to determine medium

parameters. This is wh y the study of the disp ersion of free surface w a v es is of

great practical imp ortance.

Exercise 4.1

The radial oscillations of a liquid sphere with P -v elo cit y � are describ ed b y

the p oten tial � n (r; t ) � (ei! n t=r ) sin(! n r=� ) (n=1,2,3...). Determine the eigen

frequencies ! n from the condition that the surface of the sphere at r=R is stress

free ( prr from exercise 3.4); giv e the radial displacemen t. Where are the no dal

planes?
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4.1.2 Ra yleigh w a v es at the surface of an homogeneous

half-space

The half-space (z>0) has the v elo cities � and � for P - and S -w a v es, resp ectiv ely .

Inserting the ansatz

� = A(z) exp [i (!t � kx)] and 	 = B (z) exp [i (!t � kx)] (4.7)

in to the w a v e equation (4.2) with r 2 = @2=@x2 + @2=@z2 , giv es the di�eren tial

equations for A(z) and B(z) , e.g.,

A00(z) + k2
�

c2

� 2 � 1
�

A(z) = 0 :

The general solution of this equation is

A(z) = A1e� ik�z + A2eik�z
with � =

�
c2

� 2 � 1
� 1

2

:

Due to (4.6), � has to b e purely imaginary . Then, A2 = 0 has to hold. F rom

the prop erties of � , a �rst statemen t on the phase v elo cit y of the Ra yleigh w a v e

b ecomes p ossible: c < � . It also holds that

A(z) = A1e� ik�z ;

and, similarly , it follo ws that

B (z) = B1e� ik
z

with 
 =
�
c2=� 2 � 1

� 1=2
(negativ e imaginary). This further limits c : c < � .

The p oten tial ansatz (4.7) can no w b e written as

� = A1 exp [i (!t � kx � k�z )] ; 	 = B1 exp [i (!t � kx � k
z )] : (4.8)

Inserting the b oundary c onditions pzz = pzx = 0 for z= 0 with pzz and pzx from

(3.29), it follo ws that

�
! 2

� 2

�
�

A1 + 2
�
� k2� 2A1 � k2
B 1

�
= 0

� 2k2�A 1 +
�
� k2 + k2
 2�

B1 = 0 :
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Division b y � k2
and use of �=� = ( � 2 � 2� 2)=� 2

giv es

�
c2

� 2

� 2 � 2� 2

� 2 + 2
�

c2

� 2 � 1
��

A1 + 2 
B 1 = 0

2�A 1 +
�

2 �
c2

� 2

�
B1 = 0 :

This leads to

�
c2

� 2 � 2
�

A1 + 2 
B 1 = 0

� 2�A 1 +
�

c2

� 2 � 2
�

B1 = 0 :

9
=

;
(4.9)

This system of equations only has non-trivial solutions A1 and B1 , if its deter-

minan t is zero. This le ads to an e quation for c :

�
c2

� 2 � 2
� 2

+ 4 �
 = 0 :

In the range of in terest 0 < c < � , w e ha v e

�
c2

� 2 � 2
� 2

= 4
�

1 �
c2

� 2

� 1
2

�
1 �

c2

� 2

� 1
2

:

Squaring this giv es

c2

� 2

�
c6

� 6 � 8
c4

� 4 +
�

24� 16
� 2

� 2

�
c2

� 2 � 16
�

1 �
� 2

� 2

��
= 0 : (4.10)

Solution c = 0 is not of in terest, therefore, only the terms in the brac k et ha v e

to b e examined. F or c = 0 , it is negativ e, and for c = � , p ositiv e. Therefore, at

least one real solution of (4.10) exists b et w een 0 and � . The eigen v alue problem

has, th us, a solution, i.e., along the surface of a homogeneous half-space a w a v e

can propagate, the amplitudes of whic h deca y with depth. In this simple case

no disp ersion o ccurs and c is indep enden t of ! .

In the sp ecial case � = � (i.e., � = �
p

3), c = 0 ; 92� . In general, the Ra yleigh

w a v e is only sligh tly slo w er than the S -w a v e.

W e no w examine the displac ement of the Ra yleigh w a v e

u =
�
� ikA 1e� ik�z + ik
B 1e� ik
z �

exp [i (!t � kx)] :
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With 
B 1 = �
�
c2=2� 2 � 1

�
A1 (from (4.9)), it follo ws

u = � ikA 1

�
e� ik�z +

�
c2

2� 2 � 1
�

e� ik
z
�

exp [i (!t � kx)] (4.11)

e� ik�z +
�

c2

2� 2 � 1
�

e� ik
z =: a(z):

Similarly ,

w =
�
� ik�A 1e� ik�z � ikB 1e� ik
z �

exp [i (!t � kx)] :

With B1 = �A 1
�
c2=2� 2 � 1

� � 1
(from (4.9)), it follo ws

w = � ik�A 1

"

e� ik�z +
�

c2

2� 2 � 1
� � 1

e� ik
z

#

exp [i (!t � kx)] (4.12)

e� ik�z +
�

c2

2� 2 � 1
� � 1

e� ik
z =: b(z):

W e assume that A1 is p ositiv e real and consider the real parts of (4.11) and

(4.12)

u = kA1a(z) sin(!t � kx)

w = �j � jkA1b(z) cos(!t � kx):

F or z= 0, it holds that a(0)>0 and b(0)<0. In the case of u and w , sho w the

b eha viour giv en in Fig. 4.2 (e.g., for x = 0). The displacemen t v ector describ es

an el lipse with r etr o-gr ade motion.

Fig. 4.2: Beha viour of u and w.
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Fig. 4.3: Theoretical seismograms for an explosiv e p oin t source in a homoge-

neous half-space and recorders at its surface (computed with the GR T for p oin t

sources, compare section 3.8).

F or su�cien tly large z , the second term in a(z) and b(z) dominates due to

j
 j < j� j so that b oth functions are negativ e there. The displacemen t v ector,

again, describ es an ellipse but no w with pr o gr ade direction. The transition from

retro-grade to pro-grade motion o ccurs at the depth where a(z)= 0. F or � = � ,

this is the case at ab out z = 0 ; 2� where � = 2 �c=! = 2 �=k is the w a v elength.

This depth is, therefore, a no dal plane of the horizontal displac ement .
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Elliptical p olarisation of the displacemen t v ector and the existence of no dal

planes of the displacemen t comp onen ts, are also c haracteristics of free Ra yleigh

w a v es in layer e d media, with the additional feature of disp ersion.

The Ra yleigh w a v e is, therefore, forced. The arro ws ab o v e the seismograms

indicate the theoretical arriv al times r/c where c is the phase v elo cit y of the

free Ra yleigh w a v e. Fig. 4.4 sho ws a ho dograph of a p oin t at the surface, i.e., its

trace during the passage of a Ra yleigh w a v e whic h has roughly elliptical form.

w

u

r=32 km
z=0

Fig. 4.4: Ho dograph at a p oin t at the surface (see Fig. 4.3).

The results of the theory of the free Ra yleigh w a v e are, therefore, relativ ely w ell

con�rmed.

Exercise 4.2

Do es the homogeneous half-space ha v e free Lo v e w a v es?

4.1.3 Lo v e w a v es at the surface of a la y ered half-space

Matrix formalism and mo de concept

W e no w study L ove waves, i.e., waves of the SH-typ e , for example, surface w a v es

in la y ered media. First, w e discuss the general case of arbitrarily man y la y ers

and giv e the numeric al metho d, with whic h the disp ersion r elation c = c(! ) or

k = k(! ) can b e determined; then the case of a single la y er o v er a half-space is

discussed in more detail.

W e start from the basic equations in section 4.1.1 and use the ansatz (4.5) for

Lo v e w a v es in the w a v e equation (4.3) for the displacemen t in y -direction. By

this, w e deriv e, in analogy with (4.8), in the j-th la y er
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vj = D j exp [i (!t � kx + k
 j (z � zj ))] + E j exp [i (!t � kx � k
 j (z � zj ))] ;
(4.13)

where D j and E j are no w constan ts and


 j =

 
c2

� 2
j

� 1

! 1
2

:

W e p ostulate, that 
 j is p ositiv e real or negativ e imaginary , dep ending on its

radicand b eing p ositiv e or negativ e, resp ectiv ely . In the half-space (j = n) , 
 n

has to b e negativ e imaginary due to (4.6), i.e., c < � n , and

Dn = 0 : (4.14)

The b oundary conditions require for z = z1; z2; : : : ; zn con tin uit y of the tangen-

tial stress �@v=@zand for z = z2; z3; : : : ; zn con tin uit y of the displacemen t v .

F rom @v1=@z= 0 for z = z1 = 0 , it follo ws that

E1 = D1: (4.15)

F or z = zj (j � 2) with vj = vj � 1 and � j @vj =@z= � j � 1@vj � 1=@z, the follo wing

equations for D j and E j with dep endence on D j � 1 and E j � 1 , can b e deriv ed

D j + E j = D j � 1eik
 j � 1 dj � 1 + E j � 1e� ik
 j � 1 dj � 1

D j � E j =
� j � 1
 j � 1

� j 
 j

�
D j � 1eik
 j � 1 dj � 1 � E j � 1e� ik
 j � 1 dj � 1

�
:

As in section 3.6.5, this can b e expressed in matrix form

�
D j

E j

�
=

1
2

eik
 j � 1 dj � 1

�
1 + � j (1 � � j )e� 2ik
 j � 1 dj � 1

1 � � j (1 + � j )e� 2ik
 j � 1 dj � 1

� �
D j � 1

E j � 1

�

or (4.16)

�
D j

E j

�
= la y er matrix mj

�
D j � 1

E j � 1

�

� j =
� j � 1
 j � 1

� j 
 j
:

Successiv e application of (4.16) leads to
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�
Dn

En

�
= mn �mn � 1 : : : m3�m2

�
D1

E1

�
= M

�
D1

E1

�
=

�
M 11M 12

M 21M 22

� �
D1

E1

�
:

M is the pro duct of the la y er matrices. With (4.14) and (4.15), the equation for

c or k as a function of ! and the la y er parameters can b e giv en as a disp ersion

e quation

M 11 + M 12 = 0 : (4.17)

This equation is ordinarily solv ed n umerically . F or this, a v alue of c within the

in terv al from 0 to � n is c hosen, and then M 11 + M 12 is computed via the m ulti-

plication of the la y er matrices as function of ! in the relev an t frequency range.

Finally , their zeros are determined. Then, c is v aried and the corresp onding

shifted zeros are determined, etc . If zeros exist, their lo cation dep ends on the

S -v elo cit y and the densit y as a function of depth. Eac h zero giv es one br anch

of the disp ersion curve of the phase velo city ci (! ) (see Fig. 4.5).

Fig. 4.5: Disp ersion curv es of the phase v elo cit y .

Eac h branc h has a (lower) cuto� fr e quency � i = ! i =2� . Theoretical disp ersion

curv es are computed as a function of frequency , p erio d or w a v en um b er, resp ec-

tiv ely (in the last case the frequency is �xed). Exp erimen tally determined curv es

are mostly giv en as a function of p erio d.

The w a v e b eha viour in the half-space, corresp onding to a certain branc h of the

disp ersion curv e, is called mo de . F or Lo v e w a v es, these are normal mo des of
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the SH -t yp e that propagate undamp ed. The concept of mo des also holds for

Ra yleigh w a v es and damp ed surface w a v es. Mo des are classi�ed b y their order:

1st mo de, 2nd mo de, etc . Often the �rst mo de is also called fundamental mo de

and the n um b ering starts after it. Besides their disp ersiv e prop erties, mo des

di�er b y their n um b er of no de surfac es . This n um b er is (up to � 1) iden tical

with their order. Whic h mo des o ccur in realit y , dep ends on the frequency range

in whic h the source radiates, as w ell as its depth (compare section 4.2). F or

earthquak es usually , only a few mo des con tribute, and often only the funda-

men tal mo de con tributes to the surface w a v es. In Fig. 3.39, the Lo v e w a v es

consist mainly of the fundamen tal mo des.

Sp ecial case n=2

In the case of a single la y er o v er a half-space, the disp ersion equation (4.17) can

b e written as

e� 2ik
 1 d1 =
� 2 + 1
� 2 � 1

=
� 1
 1 + � 2
 2

� 1
 1 � � 2
 2
(4.18)

with 
 1;2 = ( c2=� 2
1;2 � 1)1=2

. 
 2 is negativ e imaginary and c < � 2 .

If � 1 > � 2 , 
 1 is also negativ e imaginary . Then, the righ t side of (4.18) is real

and larger than 1. The left side is also real, but smaller than 1. Therefore, no

real solution c of (4.18) exists in this case.

The S -v elo cit y in the half-space, therefore, has to b e larger than that of the

la y er, i.e., � 2 > � 1 . In this case, w e can exclude v alues of c b et w een 0 and � 1

with the same argumen ts as for � 1 > � 2 . This lea v es v alues for c b et w een � 1

and � 2 . In this case 
 1 is p ositiv e real, and b oth sides in (4.18) are complex.

The absolute v alue of b oth sides is 1. Th us, the matc hing of the phases giv es

the disp ersion e quation of the L ove waves

� 2k
 1d1 = � 2 arctan
� 2 j
 2j
� 1
 1

:

F rom this, it follo ws with ! = kc

� 2
�
c� 2 � � � 2

2

� 1
2

� 1
�
� � 2

1 � c� 2
� 1

2

= tan
h
!d 1

�
� � 2

1 � c� 2� 1
2

i
: (4.19)

This transcenden t equation is solv ed b y selecting c with � 1 < c < � 2 and in v er-

sion of the radicand, th us, giving the corresp onding ! (or the the corresp onding

! 0s). F or a gener al discussion, w e in tro duce a new v ariable x
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x(c) = !d 1
�
� � 2

1 � c� 2
� 1

2

c(x) = !d 1�
! 2 d 2

1
� 2

1
� x 2

� 1
2

:

9
>>>=

>>>;

(4.20)

The left side of (4.19) can then b e written as

� 2
�
c� 2 � � � 2

2

� 1
2

� 1
�
� � 2

1 � c� 2
� 1

2

=
� 2

� 1x

�
! 2d2

1

�
� � 2

1 � � � 2
2

�
� x2� 1

2 = f (x; ! ):

Equation (4.19) can then b e expressed (see also Fig. 4.6) as

f (x; ! ) = tan x:

Fig. 4.6: f (x; ! ) and tan x.

f (x; ! ) is real b et w een x= 0 and its zero

x0 = !d 1
�
� � 2

1 � � � 2
2

� 1
2 : (4.21)

This zero mo v es to the righ t as a function of ! and creates, th us, more in ter-

sections of f (x; ! ) with tan x . The in tersection x i = x i (! ) giv es, substituting

in c(x) from (4.20), the disp ersion r elation of the i-th mo de ( i = 1 ; 2; : : :)

ci (! ) =
!d 1

�
! 2 d2

1
� 2

1
� x2

i (! )
� 1

2

: (4.22)
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The i-th mo de o ccurs only if x0 > (i � 1)� . With (4.21), its cuto� fr e quency

b ecomes

� i =
! i

2�
=

i � 1

2d1
�
� � 2

1 � � � 2
2

� 1
2

: (4.23)

The i-th mo de exists only for frequencies � > � i . The �rst mo de (fundamen tal

mo de, i= 1) exists, due to � 1 = 0 , at all frequencies.

The phase v elo cit y of eac h mo de at its cuto� frequency is most simply deriv ed

from the fact that at this p oin t the tangen t is zero in (4.19)

ci (! i ) = � 2: (4.24)

F or ! ! 1 , x i ! (i � 1=2)� and the tangen t in (4.19) approac hes 1 . Therefore,

lim
! !1

ci (! ) = � 1: (4.25)

An upp er-limiting frequency do es not exist, and the v elo cities of the la y er and

the half-space are the limiting v alues of the phase v elo cit y .

A calculated example for the disp ersion curv es of the �rst three Lo v e mo des of

a crust-man tle mo del, consisting of a half-space with a la y er ab o v e, is giv en in

Fig. 4.7.

Fig. 4.7: Disp ersion curv es of the �rst three Lo v e mo des of a crust-man tle

mo del.
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In addition to the curv es of the phase v elo cities c , the gr oup velo cities U are

sho wn

U =
d!
dk

= c + k
dc
dk

= c � �
dc
d�

=
c

1 � !
c

dc
d!

=
c

1 + T
c

dc
dT

: (4.26)

( � = w a v elength, T = p erio d). The group v elo cit y con trols, as w e will see, the

propagation of an impulse from the source to a receiv er, i.e., eac h frequency

tra v els with its group v elo cit y from the source to the receiv er, not with its

phase v elo cit y . Phase and group v elo cities can b e determined from observ ations

(see section 4.1.4 and 4.1.5). Th us, b oth can b e used for in terpretation.

No dal planes and eigen functions

Finally , w e examine the no dal planes of the Lo v e mo des for the case just dis-

cussed, i.e., the surfaces on whic h the displacemen t is zero. F rom (4.13) with

(4.14) and (4.15), it follo ws that

v1 = 2 E1 cos(k
 1z) exp [i (!t � kx)]

v2 = E2 exp (� ik
 2(z � d1)) exp [i (!t � kx)]

where v1 and v2 are for the la y er and the half-space, resp ectiv ely . These expres-

sions also hold for eac h individual mo de, and the disp ersion relation (4.22) has

to b e used. The relation b et w een E1 and E2 is E2 = 2 E1 cos(k
 1d1) ; E1 can b e

c hosen arbitrarily .

This means that at the surface z = 0 , the maximum displac ement is alw a ys

observ ed, and that no dal planes can only o ccur in the la y er, but not in the

half-space. Their p osition is determined b y the zeros of the cosine. F or the i-th

mo de they can b e deriv ed via the equation

k
 1z = !
�
� � 2

1 � c� 2
i

� 1
2 z = (2 n � 1)

�
2

(n = 1 ; 2; : : : ; N i ); (4.27)

where N i is their n um b er determined b y z � d1 .

F or the lo w er frequency limit ! = ! i , from (4.23), it follo ws due to (4.24)

(i � 1)�
z
d1

= (2 n � 1)
�
2

:

This is satis�ed for

z =
2n � 1
2i � 2

d1 with n = 1 ; 2; : : : ; N i = i � 1:
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F or ! = ! i , therefore, i � 1 no dal planes exist. Their spacing is

� z =
d1

i � 1
(i = 3 ; 4; : : :):

The �rst mo de ( i= 1) has no no dal plane, neither for ! = ! 1 = 0 nor for �nite

! > 0.

The other extreme on the frequency scale of eac h mo de is ! = 1 . F rom the

discussion of the b eha viour of ci (! ) for ! ! 1 (see (4.25)), it follo ws that

lim
! !1

!
�
� � 2

1 � c� 2
i

� 1
2 = lim

! !1

x i (! )
d1

=
�

i �
1
2

�
�
d1

:

Equation (4.27) leads to the fact that all z � d1 ha v e to b e determined whic h

satisfy the relation

�
i �

1
2

�
�

z
d1

= (2 n � 1)
�
2

:

These are the v alues

z =
2n � 1
2i � 1

d1 with n = 1 ; 2; : : : ; N i = i:

F or ! = 1 , therefore, i no dal planes exist with the spacing

� z =
d1

i � 1
2

(i = 2 ; 3; : : :):

The c hange relativ e to the situation where ! = ! i holds, is �rst, the decrease in

the spacing of the no dal planes, second a general mo v e to shallo w er depth and

�nally , the addition of the i-th no dal plane z = d1 . This means that for ! = 1
the half-space remains at rest.

Fig. 4.8 sho ws quan titativ ely the amplitude b eha viour of the �rst three mo des

as a function of depth for the crust-man tle mo del used for Fig. 4.7. The p erio d

is also indicated. Suc h amplitude distributions are called eigen functions of the

mo des. They follo w from the z-dep enden t part of the displacemen t v1 and v2

discussed ab o v e.
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Fig. 4.8: Quan titativ e amplitude b eha viour of the �rst three mo des as a function

of depth for the crust-man tle mo del used for Fig. 4.7.

Exercise 4.3

Deriv e the disp ersion equation for free Ra yleigh w a v es in a liquid medium con-

sisting of a la y er o v er a half-space and compare this to (4.19). Sk etc h a �gure

similar to Fig. 4.6. What is the di�erence, esp ecially for the �rst mo de?

4.1.4 Determination of the phase v elo cit y of surface w a v es

from observ ations

In the last section, w e sa w ho w the phase v elo cit y of a Lo v e mo de in a la y ered

half-space can b e determined if the half-space is kno wn. In the same w a y (but

with more complications), the same can b e done for Ra yleigh w a v es. W e no w

discuss the deriv ation of the phase v elo cit y from observations . W e assume that

only one mo de is presen t. If that is not the case, �lters ha v e to b e used to

separate the di�eren t mo des. Since these are sometimes complicated metho ds,

they are not discussed here. An o v erview, and applications for surface w a v es,

can b e found, e.g., in Aki and Ric hards, Dahlen and T romp, and Kennett.

W e w ork here with plane surface w a v es, i.e., w e neglect the source term. The

metho d for the determination of the phase v elo cit y th us deriv ed, is su�cien tly

accurate for practical purp oses. The mo dal seismo gr am of an y displacemen t

comp onen t at the Earth's surface can b e written for propagation of the mo de

in x -direction as
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u(x; t ) =
1

2�

Z + 1

�1
A(! ) exp

�
i!

�
t �

x
c(! )

��
d!: (4.28)

This is a sup erp osition of the previously discussed harmonic surface w a v es with

the aid of the F ourier in tegral. c(! ) is the phase v elo cit y of the mo de to b e

deriv ed from the recordings of u(x; t ) . Since c is frequency dep enden t, the seis-

mograms for di�eren t x are di�eren t. A(! ) is the sp ectrum of the displacemen t

at (arbitrary) x= 0. The amplitude sp ectrum is jA(! )j and the phase sp ectrum

�( ! ) = arg A(! ) , i.e.,

A(! ) = jA(! )jei �( ! ) :

W e assume that u(x; t ) is kno wn for x = x1 and x = x2 > x 1 and apply a

F ourier analysis to the seismograms

u(x1;2; t) =
1

2�

Z + 1

�1
G1;2(! )ei!t d!; (4.29)

where G1;2(! ) is the sp ectrum of the seismogram for x = x1;2 . The comparison

of (4.29) with (4.28) giv es

G1;2(! ) = jG1;2(! )jei' 1; 2 ( ! ) =

A(! ) exp
�
� i!

x1;2

c(! )

�
= jA(! )j exp

�
i
�

�( ! ) � !
x1;2

c(! )

��
:

If the time t= 0 is iden tical for b oth seismograms, and, if p ossible, jumps of � 2�
ha v e b een remo v ed from the n umerically determined phases ' 1;2(! ) (usually

b et w een � � and + � ), the phases of the top (observ ation G1;2(! ):::) and the

b ottom ( jA(! )j:::) can b e matc hed and giv e

' 1;2(! ) = �( ! ) � !
x1;2

c(! )
:

Subtracting ' 1(! ) from ' 2(! ) , the unkno wn phase sp ectrum �( ! ) of u(0; t)
cancels and the follo wing result for the phase v elo cit y is left

c(! ) =
(x2 � x1)!

' 1(! ) � ' 2(! )
: (4.30)

F or practical applications of this metho d, the surface w a v es ha v e to b e recorded

at t w o stations whic h are on a great circle path with the source. In case thr e e

stations are a v ailable, this requiremen t can b e circum v en ted b y constructing a

triangle b et w een the stations. In b oth approac hes, the phase v elo cities deriv ed

are represen tativ e for the region b etwe en the stations.
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Fig. 4.9: Example for seismograms of Ra yleigh w a v es from L. Knop o�, et al.,

1966. The traces ha v e b een shifted.

The in terpretation based on the phase v elo cit y from Fig. 4.9 is giv en in Fig.

4.10. It sho ws short p erio d group v elo cit y observ ations from near earthquak es

as w ell as phase-v elo cit y measuremen ts for the region of transition (Cen tral Alps

to northern F oreland, Fig. 4.9) (from L. Knop o�, St. Müller and W.L. Pilan t:

Structure of the crust and upp er man tle in the Alps from the phase v elo cit y of

Ra yleigh w a v es, Bull. Seism. So c. Am. 56, 1009-1044, 1966).

Fig. 4.10: Short p erio d group v elo cit y observ ations from L. Knop o�, et al.,

1966.



4.1. FREE SURF A CE W A VES IN LA YERED MEDIA 153

4.1.5 The group v elo cit y

Seismograms with disp ersion, as sho wn in Fig. 4.9, often ha v e a v ery slo w

v ariation of frequency with time, so that one frequency can b e asso ciated with

a certain time. If this is done for t w o di�eren t distances x1 and x2 (on a great

circle through the source), and if the times, for whic h frequency ! is observ ed

are t1(! ) and t2(! ) , it follo ws that

U(! ) =
x2 � x1

t2(! ) � t1(! )
: (4.31)

U(! ) is the v elo cit y with whic h this frequency , or a wave gr oup with a smal l

fr e quency b and � ! ar ound the fr e quency ! , propagates. U is, therefore, called

the group v elo cit y . The theory of surface w a v es from p oin t sources in section

4.2 giv es the ev en simpler form ula U(! ) = r=t (! ) , whic h only requires one

seismogram; r is the distance from the source, and t(! ) is relativ e to the time

when the w a v e started (source time). In practice, this seismogram is �ltered

in a narro w band with the cen tral frequency ! . The arriv al time t(! ) is at

the maxim um of the en v elop e of the �ltered seismogram. The group v elo cit y

can, therefore, in principal b e determined without di�cult y from observ ations.

Another question is, ho w the group v elo cit y is connected with the phase v elo cit y

and, th us, with the parameters of the Earth, i.e., the v elo cit y of P - and S -w a v es

and densit y , as a function of depth.

T o study this relation, w e start from the description of the mo dal seismogram

(4.28) and express it using the w a v en um b er k = !=c as

u(x; t ) =
1

2�

Z + 1

�1
A(! ) exp [i (!t � kx)] d!: (4.32)

F or su�cien tly large x and, therefore, also large t , the phase

' (! ) = !t � kx

is r apid ly varying compared to A(! ) . This means, for example, that for c hanging

! ' (! ) has c hanged b y 2� , whereas A(! ) is practically unc hanged, and the ! -

in terv al, therefore, do es usually not con tribute to the in tegral (4.32). This is

esp ecially true if ' (! ) can b e appro ximated linearly . This no longer holds for

! = ! 0 , for whic h ' (! ) has an extrem um (see Fig. 4.11), i.e., when it b ecomes

stationary .
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Fig. 4.11: Extrem um of ' (! ) .

This frequency ! 0 dep ends on t and follo ws from

' 0(! 0) = t � x
dk
d!

j! = ! 0 = 0 : (4.33)

The fr e quency ! 0 , which satis�es (4.33), dominates at time t in the mo dal seis-

mo gr am. Since for plane surface w a v es lo cation and time origin are arbitrary ,

(4.33) can b e written for t w o distances x1 and x2 and corresp onding times t1(! 0)
and t2(! 0) , resp ectiv ely . Subtraction giv es the b asic formula for the gr oup ve-

lo city

x2 � x1

t2(! 0) � t1(! 0)
= U(! 0) =

d!
dk

j! = ! 0 : (4.34)

! and k are connected via the phase v elo cit y c = !=k . Using this, the explicit

group v elo cit y (4.26) can b e deriv ed directly from (4.34) (see exercise 4.4).

The argumen ts sk etc hed here are the cen tral ideas of the metho d of stationary

phase . W e will use it later to calculate in tegrals of the form (4.32) appro xi-

mately; here, it w as only used to demonstrate that it is the group v elo cit y whic h

determines the sequence and p ossible in terference in the mo dal seismogram.

T o mak e this statemen t more ob vious, w e consider an arbitrary mo de of the

R ayleigh waves of a liquid half-sp ac e with a layer at the top . Its disp ersion curv es

for phase and group v elo cit y lo ok lik e those in Fig. 4.12 (compare exercise 4.3).

Fig. 4.12: Disp ersion curv es for a liquid half-space with a top la y er.
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Instead of (4.31), or the left of (4.34), w e use U(! ) = r=t (! ) , whic h refers to

the source, to in terpret the curv e of the group v elo cit y .

F rom the trend in Un , w e conclude that for the mo de considered, the frequencies

in the neigh b ourho o d of the lo w er limiting frequency ! n arriv e at an arbitrary

distance r from the source. This assumes that suc h frequencies are actually

excited at the source. Their group v elo cit y is � 2 , and their group tra v el time

is r=� 2 . F or later times, whic h are still smaller than r=� 1 , the frequency of the

arriving oscillations slo wly increases, corresp onding to the steep trend in the

curv e of Un . This w a v e train is called the fundamental wave . A t later times

greater then r=� 1 there are two frequencies, ! 0
and ! 00

, whic h con tribute to the

seismogram. This has the e�ect that the higher frequency w a v es (w ater w a v es)

ride on the fundamen tal w a v es. The frequencies of the t w o w a v es approac h eac h

other for increasing time and b ecome iden tical at time r=Unmin . Here, Unmin

is the minimal group v elo cit y . The corresp onding w a v e group is the A iry phase ,

and it constitutes the end of the mo dal seismogram. Exact computations of

mo dal seismograms, discussed later, con�rm these qualitativ e statemen ts. The

example in Fig. 4.13 sho ws the b eha viour of pressure of the fundamen tal mo de

(from C.L. P ek eris: Theory of propagation of explosiv e sound in shallo w w ater,

Geol. So c. Am. Memoir No. 27, 1948).

Fig. 4.13: Pressure of the fundamen tal mo de from C.L. P ek eris, 1948. � 1 =

1500 m/s , � 2 = 1650 m/s, � 1 = 1 g/ cm3
, � 2 = 2 g/ cm3

, d1 = 20 m.

The disp ersion of the fundamen tal w a v e of the example in Fig. 4.13, sho wn

for a source distance of 9200 m , i.e., decreasing group v elo cit y with increasing

frequency (increase of frequency with time), is called r e gular disp ersion . F or the

w ater w a v e, the group v elo cit y gro ws with the frequency (frequency increases

with increasing time); this is called inverse disp ersion. The notation regular

and in v erse disp ersion should not b e confused with the expressions normal and
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anomal disp ersion, whic h express, that the group v elo cit y is larger or smaller

than the phase v elo cit y , resp ectiv ely .

Fig. 4.14 is a sk etc h to demonstrate the basic propagation prop erties of a dis-

p ersiv e w a v e train. It assumes that the source radiates an impulse with constan t

sp ectrum in the frequency band ! 1 � ! � ! 2 and that the medium pro duces

only regular disp ersion. The larger the propagation distance, the longer the

w a v e train b ecomes. A t the same time, the amplitudes decrease (not sho wn in

Fig. 4.14).

Fig. 4.14: Basic propagation prop erties of disp ersiv e w a v e trains.

Constant fr e quencies o ccur on str aight lines through the origin ( r = 0 ; t = 0 )

with a slop e of dr=dt that is iden tical to the group v elo cit y . Constant phases ,

e.g., a certain maxim um or an in tersection with zero, are situated on curve d

lines , and the frequency v aries along these curv es. The lo cal slop e dr=dt of

these curv es is the phase v elo cit y for the dominating frequency at this time.

Exercise 4.4

Deriv e (4.26) for the group v elo cit y . Ho w do es dc=d! b eha v e for normal and

abnormal disp ersion, resp ectiv ely?



4.1. FREE SURF A CE W A VES IN LA YERED MEDIA 157

Exercise 4.5

a) What is the form of the most general phase v elo cit y c(! ) for whic h the group

v elo cit y U(! ) is constan t? In terpret the corresp onding seismogram (4.28).

b) What is the most general connection b et w een phase v elo cities c1(! ) and

c2(! ) with iden tical group v elo cities U1(! ) and U2(! ) ? Use 1=U = dk=d! =
d(!=c )=d! .

4.1.6 Description of surface w a v es b y constructiv e in ter-

ference of b o dy w a v es

Up to this p oin t, surface w a v es ha v e b een treated for the most part theoretically ,

namely based on an ansatz for the solution of di�eren tial equations. Input in

these equations ha v e b een the concen tration of the w a v e amplitude near the

surface, propagation along the surface and disp ersion. W e ha v e not reac hed a

ph ysical understanding ho w these w a v es can b e constructed. In this section, w e

will sho w for the simple example of Lo v e w a v es in a half-space with one la y er

at the top, that surface w a v es can basically b e understo o d as arising from c on-

structive interfer enc e of b o dy waves whic h are re�ected b et w een the in terfaces.

W e consider SH -b o dy w a v es whic h propagate up and do wn in the la y er with

an angle of incidence and re�ection ' . The re�ection at the surface is loss

free; the re�ection co e�cien t according to (3.39) equals +1. During re�ection

at the lo w er b oundary of the la y er ( z = d1 ), energy loss through re�ection

o ccur, as long as ' < ' � = arcsin( � 1=� 2) . In this case, the amplitude of the

re�ected w a v es decrease with the n um b er of re�ections at the lo w er b oundary .

If on the other hand, ' > ' �
, the re�ection co e�cien t at the lo w er in terface

has the absolute v alue of +1 (see (3.42)). Th us, no w a v e in the lo w er half-

space exists transp orting energy a w a y from the in terface and the amplitude

of eac h single m ultiple re�ection is preserv ed. The w a v e �eld in this la y er is

then basically con trolled b y the in terference of al l m ultiple re�ections. F or

certain v alues of ' there will b e constructiv e in terference and for other v alues

there will b e destructiv e in terference, resp ectiv ely . W e try to determine those

' whic h sho w constructiv e in terference. T o ac hiev e this, w e appro ximate the

momen tary w a v e�eld picture of Fig. 4.15, lo cally , b y plane parallel w a v efron ts

with a corresp onding angle of incidence ' (see Fig. 4.16).

Fig. 4.15: Picture of momen tary w a v e �eld.
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Fig. 4.16: Appro ximation of Fig. 4.15 b y plane, parallel w a v efron ts.

This appro ximation is b etter at larger distances from the source. The limitation

on plane w a v es means that w e consider fr e e normal mo des.

The phases of neigh b ouring w a v efron ts 1, 2, 3 are � 1 (arbitrary), � 2 = � 1 + � 1

and � 3 = � 1 + � 1 + � 2 , resp ectiv ely , where � 1 and � 2 are the phase shifts of the

re�ections in A and B , resp ectiv ely . T o ensure that w a v e 1 and 3 are in phase ,

the phase di�erence � 3 � � 1 has to b e equal to the phase di�erence due to the

tra v el time !s=� 1 plus a m ultiple of 2� . With

s = 2
d1

tan '
sin ' = 2 d1 cos';

w e deriv e the follo wing condition for c onstructive interfer enc e

� 1 + � 2 =
2!d 1

� 1
cos' + 2 n�; n = 0 ; 1; 2; : : : : (4.35)

The phase shifts; � 1 and � 2 are the phases of the re�ection co e�cien ts for plane

SH -w a v es. Since w e only consider p ost-critical ' > ' � = arcsin( � 1=� 2) , it

follo ws for � 1 from (3.42) and with ! > 0

� 1 = � 2 arctan
b
a

= � 2 arctan

2

6
4

� � 2� 2

�
� 2

2
� 2

1
sin2 ' � 1

� 1
2

� 1� 1 cos'

3

7
5 :

F or the re�ection at B , it holds that � 2 = 0 , since according to (3.39), the

re�ection co e�cien t at the free surface is alw a ys +1.

Substituting all of the ab o v e in to (4.35), w e get an equation for those angles of

incidence ' , whic h pro duce a for giv en ! , constructiv e in terference

arctan

2

6
4

� 2� 2

�
� 2

2
� 2

1
sin2 ' � 1

� 1
2

� 1� 1 cos'

3

7
5 =

!d 1

� 1
cos' + n�; n = 0 ; 1; 2; : : : (4.36)
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In this equation, w e in tro duce the apparen t v elo cit y

c =
� 1

sin '
(4.37)

with whic h the w a v efron ts propagate in a horizontal direction. With cos' =
� 1(� � 2

1 � c� 2)1=2
and � 1;2� 2

1;2 = � 1;2 , w e deriv e b y rev ersing (4.36), an equation

for c

� 2
�
c� 2 � � � 2

2

� 1
2

� 1
�
� � 2

1 � c� 2
� 1

2

= tan
h
!d 1

�
� � 2

1 � c� 2� 1
2
i

:

This equation is iden tical with the disp ersion equation (4.19) of Lo v e w a v es.

W e w ould ha v e found the same equation, if w e had considered w a v es whic h

propagate up w ards (and not do wn w ards) in Fig. 4.16. The sup erp osition of b oth

groups of w a v es giv es, for reason of symmetry , a w a v e with vertic al w a v efron ts.

Therefore, c is not only an apparen t v elo cit y , but also the phase v elo cit y of this

resulting w a v e.

W e also see that the Lo v e w a v es in the half-space with a top la y er are pro duced

b y c onstructive interfer enc e of b o dy waves whic h ha v e a p ost-critic al angle of

incidence. F or these angles of incidence, no energy is lost from the la y er in to

the half-space. The energy remains in the la y er whic h acts as a p erfect wave

guide . This is generally true for normal mo des of Lo v e and Ra yleigh w a v es in

horizon tally la y ered media, in whic h case that normal mo des exist. F rom this,

w e can also conclude that the phase v elo cit y of normal mo des can, at most , b e

equal to the S -v elo cit y of the half-space under the la y ers

c � � n :

If it w ere larger, energy w ould b e radiated in to the half-space in the form of an

S -w a v e. L e aking mo des also o ccur b y constructiv e in terference of b o dy w a v es.

In this case, the angles of incidence are pr e-critic al , and the phase v elo cit y is

larger than � n . Th us, radiation in to the lo w er half-space o ccurs and the w a v e

guide is not p erfect.

Finally , it should b e noted that the explanation of surface w a v es via construc-

tiv e in terference of b o dy w a v es cannot b e applied to the fundamental mo de of

R ayleigh waves . The Ra yleigh w a v e of the homogeneous half-space, for example,

exists without additional discon tin uities at the surface. No simple explanation

exists for the fundamen tal mo de of Ra yleigh w a v es.

Exercise 4.6

Determine the disp ersion curv es for a liquid la y er whose b oundaries are (1) b oth

free, (2) b oth rigid, (3) one rigid and one free, resp ectiv ely . Use the argumen ts

of section 4.1.6 and compare with the solution of the corresp onding eigen v alue

problem. Giv e the group v elo cit y and sk etc h the pressure-depth distributions.
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4.2 Surface w a v es from p oin t sources

4.2.1 Ideal w a v e guide for harmonic excitation

Expansion represen tation of the displacemen t p oten tials

W e study the propagation of mono c hromatic sound w a v es from an explosiv e

p oin t source in a liquid la y er with a free surface situated ab o v e a rigid half-

space.

Fig. 4.17: Explosiv e p oin t source in a liquid la y er with a free surface atop a

rigid half-space.

This is an ideal w a v e guide since no w a v es can p enetrate the half-space. F or

suc h a scenario, the k ey features of surface w a v es from p oin t sources can b e

studied without to o m uc h mathematical e�ort.

F or the displacemen t p oten tial � in the la y er, w e assume the follo wing in tegral

ansatz, using the analogy to (3.84) and applying (3.85) for the p oten tial of the

spherical w a v e from the source. In the follo wing, the time-dep enden t term ei!t

is omitted

� =
Z 1

0
J0(kr )

�
k
il

e� il j z� h j + A(k)e� ilz + B (k)eilz
�

dk (4.38)

l =
�

! 2

� 2 � k2
� 1

2

:

J0(kr ) is the Bessel function of �rst kind and zeroth order, k and l are the hori-

zon tal and v ertical w a v en um b er, resp ectiv ely . The square ro ot l is, as in sections

3.6.5 and 3.7, either p ositiv e real or negativ e imaginary . It can b e sho wn that �
is a solution of the w a v e equations in cylindrical co ordinates. The �rst term in

(4.38) is the w a v e from the source, the second and third corresp ond to the w a v es
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propagating in p ositiv e and negativ e z -direction, resp ectiv ely . A(k) and B (k)
follo w from the b oundary conditions for the in terfaces

z = 0 : stress pzz = �
@2�
@t2

= � �! 2� = 0 or � = 0

z = d : normal displacemen t

@�
@z

= 0 :

This giv es

A(k) + B (k) = �
k
il

e� ilh

A(k) � e2ild B (k) = �
k
il

eilh :

The solution of this system of equation is (please c hec k)

A(k) = �
k cos [l (d � h)]

il cos(ld)

B (k) =
k sin(lh)
l cos(ld)

e� ild :

Inserting them in to (4.38) giv es

0 � z � h : � = 2
Z 1

0
kJ0(kr )

sin(lz) cos [l (d � h)]
l cos(ld)

dk (4.39)

h � z � d : � = 2
Z 1

0
kJ0(kr )

sin(lh) cos [l (d � z)]
l cos(ld)

dk: (4.40)

Before these expressions are solv ed with metho ds from complex analysis, it

should b e noted that an exc hange of source and receiv er do es not c hange the

v alue of � . Displacemen t and pressure are also the same for this case. This is

an example for r e cipr o city r elations , whic h is imp ortan t in the theory of elastic

w a v es.

The p oles kn of the in tegrand in (4.39) and (4.40) are determined via

dln = d
�

! 2

� 2 � k2
n

� 1
2

= (2 n � 1)
�
2

; n = 1 ; 2; 3 : : :

This giv es
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kn =
�

! 2

� 2 �
(2n � 1)2� 2

4d2

� 1
2

: (4.41)

The in�nite n um b er of p oles are situated on the real axis b et w een � !=� and

+ !=� and on the imaginary axis, resp ectiv ely . The n um b er of p oles on the real

axis dep ends on ! . Due to these p oles, the in tegration path in (4.39) and (4.40)

ha v e to b e sp eci�ed in more detail. W e c ho ose path C1 in Fig. 4.18 whic h

circum v en ts the p oles in the �rst quadran t.

Fig. 4.18: In tegration path C1 whic h circum v en ts the p oles in the �rst quadran t.

In the follo wing, w e discuss only (4.39) in detail. Equation (4.40) can b e solv ed

similarly . W e use the iden tit y

J0(kr ) =
1
2

h
H (1)

0 (kr ) + H (2)
0 (kr )

i
;

where H (1)
0 (kr ) and H (2)

0 (kr ) are Bessel functions of the third kind (= Hankel

functions ) and zeroth order (App endix C, equations (C.2) and (C.3), resp ec-

tiv ely). Then,

� =
Z

C1

k
h
H (1)

0 (kr ) + H (2)
0 (kr )

i sin(lz) cos [l (d � h)]
l cos(ld)

dk: (4.42)

Using relation (C.6) from app endix C,

H (1)
0 (x) = � H (2)

0 (� x)
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the �rst part of the in tegral in (4.42) can b e written as

�
Z

C1

kH (2)
0 (� kr )

sin(lz) cos [l (d � h)]
l cos(ld)

dk =
Z

C2

uH (2)
0 (ur )

sin(lz) cos [l (d � h)]
l cos(ld)

du

where u=-k is used. The in tegration path C2 is p oin t-symmetrical to the path

C1 with resp ect to the co ordinate cen tre, but it go es from �1 to 0. Inserting

this in (4.42) and with consisten t use of k as in tegration v ariable, giv es

� =
Z

C
kH (2)

0 (kr )
sin(lz) cos [l (d � h)]

l cos(ld)
dk =

Z

C
I (k)dk: (4.43)

Fig. 4.19: In tegration path C from �1 to + 1 circum v en ting the p oles on the

real axis.

In tegration path C , therefore, is, as indicated in Fig. 4.19, from �1 to + 1
and circum v en ting the p oles on the real axis.

Despite the non-uniqueness of the square ro ot l in (4.43), I (k) is a unique

function of k . The reason for this is that I (k) is an ev en function of l , th us, the

sign of the square ro ot of l do es not matter. F or more complicated w a v e guides,

e.g., if the half-space is not rigid, I (k) is not unique and the theory b ecomes

more complicated (in tro duction of br anch cuts ).

No w w e apply the r emainder the or em on the closed in tegration path sho wn in

Fig. 4.20 whic h consists of path C and a half circle with in�nite radius. The

only singularities included are the p oles of I (k) .
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Fig. 4.20: In tegration path C and half circle with in�nite radius.

Then

Z

C
+

Z

L
= � 2�i

1X

n =1

ResI (k)jk= kn :

L indicates the clo c kwise in tegration in the lo w er plane of Fig. 4.20, and eac h

term in the sum is the residue of I (k) at the p ole k = kn .

If the asymptotic r epr esentation of the Hank el function is used, it follo ws for

large argumen ts (App endix C, equation (C.4))

H (2)
0 (kr ) '

�
2

�kr

� 1
2

e� i (kr � �
4 ) : (4.44)

W e see that their v alues on the semi-circle in the lo w er half-plane, where k has

a negativ e imaginary part, b ecomes zero (for R going to 1 ). The corresp onding

in tegral also go es to zero, and w e ha v e found a represen tation of the p oten tial �
as an in�nite sum of residuals. The determination of the residue of the quotien t

f 1(k)=f 2(k) at the lo cation kn with f 2(kn ) = 0 is done with the form ula

Res
f 1(k)
f 2(k)

�
�
�
�
k= kn

=
f 1(kn )
f 0

2(kn )
;

if kn is a p ole of �rst order. In our case, kn follo ws from (4.41) and is either

p ositiv e real or negativ e imaginary . The corresp onding l is

ln =
(2n � 1)�

2d
:

F urthermore, it holds here, that f 2(k) = cos(ld); f 2(kn ) = cos(ln d) = 0 and

f 0
2(kn ) = d

kn

ln
sin(ln d):
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Finally ,

cos [ln (d � h)] = cos(ln d) cos(ln h) + sin( ln d) sin(ln h) = sin( ln d) sin(ln h):

Th us,

Res I (k)jk= kn
=

1
d

H (2)
0 (kn r ) sin(ln z) sin(ln h):

W e, therefore, get the follo wing r epr esentation of the p otential � as an exp an-

sion , for whic h ei!t
has no w to b e added again for completeness

� = �
2�i
d

1X

n =1

sin
�
(2n � 1)

�h
2d

�
sin

h
(2n � 1)

�z
2d

i
H (2)

0 (kn r )ei!t : (4.45)

This expression not only holds for 0 � z � h but also for arbitrary depth,

since according to (4.40) the same expansion can b e found. F rom (4.45) the

displacemen t comp onen ts @� =@rand @� =@zand the pressure p = � pzz = �! 2�
can b e deriv ed.

F or the ideal w a v e guide the �eld can b e constructed solely from the con tribu-

tions from the p oles, eac h of whic h represen ts a mo de, as will b e sho wn later.

F or complicated w a v e guides, con tributions in the form of curv e in tegrals in the

complex k -plane ha v e to b e added to the p ole con tributions. These additional

con tributions corresp ond mostly to b o dy w a v es.

Mo des and their prop erties

Eac h term in (4.45) represen ts a mo de . This is only a de�nition, but it �ts w ell

in to the mo de concept in tro duced in the previous sections for fr e e surface w a v es.

If w e consider, for example, the terms in (4.45) for large distances r , w e can use

(4.44) (jkn r j > 10)

� =
� 2

p
2�ie i �

4

d

1X

n =1

sin
�
(2n � 1)

�h
2d

�
sin

h
(2n � 1)

�z
2d

i 1

(kn r )
1
2

ei ( !t � kn r ) :

(4.46)

The most imp ortan t terms in (4.46) are those with p ositiv e kn . Their n um-

b er is �nite and increases with ! . They corresp ond to w a v es with cylindrical

w a v efron ts whic h propagate in + r -direction with the frequency dep enden t phase

v elo cit y

cn (! ) =
!
kn

= �
�
1 �

(2n � 1)2� 2� 2

4d2! 2

� � 1
2

: (4.47)
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If the eigen v alue problem for fr e e surface w a v es in the same w a v e guide is solv ed

(compare exercise 4.6), it follo ws for the n-th fr e e normal mo de

� n = A sin
h
(2n � 1)

�z
2d

i
ei!

�
t � x

c n ( ! )

�
; (4.48)

with cn (! ) from (4.47). F urthermore, the terms in (4.46) and (4.48) agree, that

describ e the z- dep endence agree. It, therefore, mak es sense to name the single

terms in (4.45) and (4.46) the n-th for c e d normal mo de , if kn > 0. The di�erence

with resp ect to (4.48) is in the amplitude reduction prop ortional to r � 1=2
and in

the addition of a term that dep ends on the source depth h . This term is named

the excitation function of the mo de . If the the source is lo cated at a no dal plane

of the free mo de (4.48), the excitation function is zero, and the mo de is not

excited. Maxim um excitation o ccurs, if the source is at a depth where the free

mo de has its maxim um.

F rom the comparison of the free and the forced normal mo des, the imp ortance of

the study of free mo des b ecomes ob vious. It describ es the disp ersiv e prop erties

and the amplitude-depth distributions (eigen functions) of the forced normal

mo des and, therefore, their most imp ortan t prop ert y . This also holds for mor e

c omplic ate d wave guides .

The terms in (4.46) with negativ e imaginary kn are not w a v es but represen t

oscillations with amplitudes that decrease exp onen tially in r -direction. They

only con tribute to the w a v e �eld near the source, where (4.45) has to b e used

for completeness. The far-�eld is dominate d by normal mo des .

The n um b er of no dal planes of the n-th mo de is n , and their spacing is 2d=(2n� 1)
(n = 2 ; 3 : : :) . The p oten tial � , horizon tal displacemen t @� =@rand pressure p
ha v e a no de for z = 0 and a maxim um for z = d, resp ectiv ely (see Fig. 4.21).

The opp osite is true for the v ertical displacemen t @� =@z.

Fig. 4.21: Mo des and no dal planes, n = 1, 2, 3, 4.

The phase v elo cit y (4.47) of the n-th mo de can b e written as
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cn (! ) = �
�
1 �

� ! n

!

� 2
� � 1

2

(4.49)

with the lo w er frequency limit

! n =
(2n � 1)��

2d
:

In�nitely high phase v elo cities can o ccur. A ccording to (4.26), the group v elo cit y

is

Un (! ) = �
�
1 �

� ! n

!

� 2
� 1

2

: (4.50)

Fig. 4.22: Group and phase v elo cities.

An imp ortan t prop ert y of the ideal w a v e guide with a rigid and a free in terface

is that the angular frequencies ! < ! 1 = ��= 2d (or the frequencies � < �= 4d
and w a v es length � > 4d, resp ectiv ely) c annnot pr op agate undamp e d . This no

longer holds for the ideal w a v e guide with t w o rigid w alls (compare exercise 4.6).

In this case, an additional fundamen tal mo de exists, in addition to the mo des

discussed b efore, but with di�eren t limiting frequencies. That mo de can o ccur

at all frequencies, and its phase v elo cit y is frequency indep enden t and equal to

� .

4.2.2 The mo dal seismogram of the ideal w a v e guide

In this section, w e will compute the corresp onding mo dal seismo gr am for an

arbitrary summand in (4.45), exactly . In the next section, w e will use the

metho d of stationary phase to do this.
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The p oten tial (4.45) corresp onds to time harmonic excitation, i.e., for the p o-

ten tial of the explosion p oin t source

� 0 =
1
R

F
�

t �
R
�

�
; (4.51)

it holds that F (t) = ei!t
. F rom this mo de of excitation, w e no w will mo v e to

the excitation via a delta function, F (t) = � (t) . Multiplying (4.45), without the

factor ei!t
, with the sp ectrum of the delta function F (! ) = 1 , giv es the F ourier

transform of the displacemen t p oten tial. Finally , the result is transformed bac k

in to the time domain. These mo dal seismograms can then b e con v olv ed with

realistic excitation functions F (t) , but the basic features can already b e under-

sto o d for F (t) = � (t) .

F or this, w e consider the n-th mo de in the expansion (4.45). Its F ourier trans-

form for excitation via a delta function is, except for geometry factors, equal

to H n (! ) = iH (2)
0 (kn r ) with kn = ( ! 2 � ! 2

n )1=2=� . W e no w use the Laplace

transform (compare section A.1.7)

hn (s) = H n (� is) = iH (2)
0

h
� i

r
�

�
s2 + ! 2

n

� 1
2

i

and the relation

H (2)
0 (� ix ) =

2i
�

K 0(x)

b et w een the Hank el function and the mo di�ed Bessel function K 0(x) (see section

3.8). This giv es then

hn (s) = �
2
�

K 0

hr
�

�
s2 + ! 2

n

� 1
2

i
:

The original function can then b e found in tables of the Laplace transform. It

is zero for t < r
� , and for t > r

� it holds that

Hn (t) = �
2
�

�
cos

�
! n

�
t2 � r 2

� 2

� 1
2

�

�
t2 � r 2

� 2

� 1
2

:

Th us the n-th mo de of the p oten tial can b e written as

� n =

8
><

>:

0 for t < r
�

4
d sin

�
(2n � 1) �h

2d

�
sin

�
(2n � 1) �z

2d

� cos

h
! n

�
t 2 � r 2

� 2

� 1
2

i

�
t 2 � r 2

� 2

� 1
2

for t > r
� :

(4.52)



4.2. SURF A CE W A VES FR OM POINT SOUR CES 169

That is a normal mo de for al l n since the delta function con tains arbitrarily high

frequencies, ensuring that the lo w er limiting frequency of eac h normal mo de can

b e exceeded.

F or simplicit y , w e limit the discussion in the follo wing to the p oten tial � n .

All conclusions also hold for displacemen t and pressure. The seismogram in

Fig. 4.23 starts at time t = r=� with a singularit y that is in tegrable. Then the

amplitudes decrease with 1=t, for times large compared to r=� , while oscillating.

The most imp ortan t feature of � n is its fr e quency mo dulation or disp ersion . The

frequencies decrease from large v alues to the limiting frequency ! n of the mo de

considered. The disp ersion in the example sho wn is, therefore, in v erse.

Fig. 4.23: Seismogram sho wing frequency mo dulation (disp ersion).

What w e ha v e learned ab out the group v elo cit y in section 4.1.5 can b e con�rmed

with (4.52). W e �rst ask whic h frequencies ! dominate at a certain time t0 in

the mo dal seismogram. Outside the singularit y , the discussion can b e limited

to the cosine function in (4.52). W e plan to linearise f (t) near t = t0 to b e able

to appro ximate the function cos [f (t)] in the neigh b ourho o d of t = t0 b y the

mono c hromatic oscillation cos [' 0 + ! (t0)t]. Here ' 0 is a phase that is indep en-

den t of t , and ! (t0) is the instantane ous angular fr e quency required. This leads

to

cos [f (t)] � cos [f (t0) + f 0(t0)( t � t0)] :

F rom this, it follo ws that ! (t0) = f 0(t0) . If applied to (4.52), it follo ws

! (t0) = ! n t0

�
t2
0 �

r 2

� 2

� � 1
2

:
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F rom this, w e deriv e the quotien t r=t 0 , i.e., the v elo cit y with whic h a w a v e group

of frequency ! (t0) propagates from the source to the receiv er, and w e get (with

! 0 = ! (t0) )

r
t0

= �

"

1 �
�

! n

! 0

� 2
# 1

2

= Un (! 0)

with Un (! 0) from (4.50), i.e., exactly the gr oup velo city of the n-th mo de. W e,

therefore, con�rm the statemen t from section 4.1.5: that eac h frequency that is

radiated from the source propagates to the receiv er with the group v elo cit y .

The c omplete seismo gr am in the w a v e guide is pro duced b y con v olving the

mo dal seismogram (4.52) with a realistic excitation function F (t) , the sp ectrum

of whic h has an upp er limiting frequency , and sum. Only those normal mo des

(4.52) con tribute signi�can tly to the seismogram whic h ha v e lo w er limiting fre-

quencies that are smaller than the upp er limiting frequency of F (t) . Often the

resp onse of h ydro-phones and seismometers, together with the dissipativ e mec h-

anisms in the w a v e guide, reduce the n um b er of mo des. In practise usually only

a few mo des con tribute to the observ ed surface w a v es.

4.2.3 Computation of mo dal seismograms with the metho d

of stationary phase

The computation of mo dal seismograms is only p ossible exactly for ideal w a v e

guides (with rigid and/or free b oundaries, resp ectiv ely). In the follo wing, an

appro ximation is discussed and demonstrated, whic h giv es the mo dal seismo-

gram for the far-�eld form of a normal mo de of the t yp e of (4.46). This is the

metho d of stationary phase men tioned b efore.

Multiplying a normal mo de in (4.46) with the sp ectrum F (! ) of the excitation

function F (t) in (4.51), then transforming bac k in to the time domain, giv es

the mo dal seismogram as a F ourier in tegral. T o a v oid in tegration o v er negativ e

frequencies, w e use the fact that r e al functions f (t) cannot only b e represen ted

as

f (t) =
1

2�

Z + 1

�1
f (! )ei!t d!

but also as

f (t) =
1
�

Re
Z 1

0
f (! )ei!t d!:

This giv es the mo dal seismogram as
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� n = Re

(
� 2

p
2iei �

4

p
�d

sin
�
(2n � 1)

�h
2d

�
sin

h
(2n � 1)

�z
2d

i 1
p

r

Z 1

0

F (! )
p

kn
ei ( !t � kn r ) d!

)

:

(4.53)

The appro ximate computation of the in tegral o v er ! is based, as in section 4.1.5,

on the fact that at times t to b e considered, the phase

' (! ) = !t � kn r (4.54)

is usually r apid ly varying compared to function F (! ) . Suc h frequencies con-

tribute little to the in tegral in (4.53). This is di�eren t for frequencies with

stationary phase v alues. Suc h a frequency ! 0 follo ws from the equation

' 0(! 0) = t � r
dkn

d!

�
�
�
�
! = ! 0

= 0

and dep ends on t . This means that the frequency ! 0 , for whic h the group

v elo cit y is

Un (! 0) =
d!
dkn

�
�
�
�
! = ! 0

=
r
t
;

dominates the mo dal seismogram at time t .

F rom this follo ws the principle of determining the gr oup velo city from an ob-

serv ed mo dal seismogram. F or a giv en time t , relativ e to the source time, the

momen t frequencies and the corresp onding group v elo cities, using t and source

distance r , are determined. The sour c e time and epic entr e of the earthquak e,

therefore, ha v e to b e kno wn. This giv es a piece of the group v elo cit y disp ersion

curv es. One has no w to v erify this piece of the curv e via forw ard mo delling.

The asso ciation of a certain frequency to a certain time, necessary here, is in

principle not unique, but the error asso ciated with it can b e estimated. With

this metho d, applied to surface w a v es of earthquak es, sev eral imp ortan t results

on the structure of the Earth w ere found, for example, the a v erage crustal thic k-

ness in di�eren t parts of the Earth is sho wn in the di�eren t branc hes in Fig.

4.10. A disadv an tage of this metho d is that the result is only an a v erage o v er

the whole region b et w een source and receiv er. Therefore, to da y sev eral stations

are used in the in terpretation of the phase v elo cit y (compare section 4.1.4).

The c omputation of the mo dal seismo gr am requires then the follo wing additional

steps: for giv en time t, w e expand the phase (4.54) at the frequency ! 0 , whic h

is determined b y

Un (! 0) =
r
t

(4.55)
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' (! ) = ' (! 0) + 1
2 ' 00(! 0)( ! � ! 0)2

' 00(! 0) = r
U 2

n ( ! 0 )
dUn
d! (! 0)

9
=

;
: (4.56)

An imp ortant r e quir ement is that ' 00(! 0) 6= 0 . Then,

Z 1

0

F (! )
p

kn
ei' ( ! ) d! �

Z ! 0 +� !

! 0 � � !

F (! )
p

kn
exp

�
i
�
' (! 0) +

1
2

' 00(! 0)( ! � ! 0)2
��

d!

�
F (! 0)ei' ( ! 0 )

p
kn (! 0)

Z ! 0 +� !

! 0 � � !
exp

�
i
2

' 00(! 0)( ! � ! 0)2
�

d!:

Here, w e limited our discussion to the neigh b ourho o d of the frequency ! 0 , where

' (! ) is stationary . The other frequencies do not con tribute signi�can tly . With

x = ( ! � ! 0)
�

1
2 j' 00(! 0)j

� 1=2
, w e get

Z ! 0 +� !

! 0� � !

exp
�

i
2

' 00(! 0)( ! � ! 0)2
�

d! =
�

2
j' 00(! 0)j

� 1
2

Z +� !

�
j ' 00( ! 0 j

2

� 1= 2

� � !

�
j ' 00( ! 0 ) j

2

� 1= 2 e� ix 2

dx

�
�

2
j' 00(! 0)j

� 1
2

Z + 1

�1
e� ix 2

dx

=
�

2�
j' 00(! 0)j

� 1
2

e� i �
4

�
with

R+ 1
�1 cosx2dx =

R+ 1
�1 sinx2dx =

�
�
2

� 1
2

�
:

The p ositiv e and the negativ e sign in the exp onen tial term hold, if ' 00(! 0) >
0 and < 0, resp ectiv ely . The extension of the limits of the in tegration to

x = �1 is p ossible, since they are prop ortional to

p
r and r is v ery large.

F urthermore, signi�can t con tributions to the in tegral come only from relativ ely

small v alues of x (ca. jxj � 5). Putting all this together, the mo dal seismogram

for the ideal w a v e guide in the appro ximation giv en b y the metho d of stationary

phase (with ' 00(! 0) > 0) can b e written as

� n = Re

(
� 2

p
2iei �

4

p
�d

sin
�
(2n � 1)

�h
2d

�
sin

h
(2n � 1)

�z
2d

i

� F (! 0)ei' ( ! 0 )
�

2�
rk n (! 0) j' 00(! 0)j

� 1
2

ei �
4

)

: (4.57)
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Next, one uses

' (! 0) = ! 0t � kn (! 0)r;

kn (! 0) =
! 0

�

"

1 �
�

! n

! 0

� 2
# 1

2

;

r
t

= Un (! 0) = �

"

1 �
�

! n

! 0

� 2
# 1

2

and ' 00(! 0) from (4.56) and deletes ! 0 = ! 0(t) = ! n t
�
t2 � r 2=� 2

� � 1=2
from

(4.57). After some calculations, and for the assumption F (! 0) = 1 , whic h cor-

resp onds to the excitation function F (t) = � (t) , the follo wing mo dal seismo gr am

can b e deriv ed (please con�rm)

� n =

8
><

>:

0 for t < r
�

4
d sin

�
(2n � 1) �h

2d

�
sin

�
(2n � 1) �z

2d

� cos

h
! n

�
t 2 � r 2

� 2

� 1
2

i

�
t 2 � r 2

� 2

� 1
2

for t > r
� :

(4.58)

W e, therefore, get the stringen t results of (4.52). This is surprising, considering

the appro ximations used. F rom this w e can dra w the general conclusion that

the metho d of stationary phase is a go o d appro ximation for normal mo des ev en

for more complicated w a v e guides.

F or frequencies ! 0 with ' 00(! 0) = 0 , i.e., with

dUn
d! (! 0) = 0 and with stationary

v alues of the group v elo cit y (whic h do not o ccur for ideal w a v e guides), the

expansion in (4.56) has to b e extended b y one additional term. The treatmen t

of the calculations follo wing is, therefore, sligh tly di�eren t (see, for example,

App endix E). It leads to the b ehaviour of A iry phases and sho ws that they

are usually the dominating parts of the mo dal seismograms (compare also Fig.

4.13).

4.2.4 Ra y represen tation of the �eld in an ideal w a v e guide

In the last t w o sections w e ha v e learned that the w a v e�eld in an ideal w a v e guide

is comp osed of forced normal mo des. F urthermore, w e found in section 4.1.6,

that free normal mo des are comp osed of m ultiple re�ected plane b o dy w a v es in

the w a v e guide. This raises the question, can the �eld of a p oin t source in an

ideal w a v e guide also b e represen ted b y the sup erp osition of m ultiple re�ections?

In other w ords, in this case is there also a ra y represen tation of the w a v e �eld?

In addition, it is in teresting to see if mo de and ra y represen tations of the w a v e

�eld are then also equiv alen t.
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W e �rst examine the re�ection of the spherical w a v e

� 0 =
1

R0
F

�
t �

R0

�

�
(4.59)

at the in terface of the w a v e guide in the neigh b ourho o d of the p oin t source, e.g.,

the free surface.
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0
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Fig. 4.24: Re�ection of a spherical w a v e at the in terface of the w a v e guide in

the neigh b ourho o d of the p oin t source.

The p oten tial of the re�ection is

� 1 =
� 1
R1

F
�

t �
R1

�

�
: (4.60)

R1 is the distance b et w een P(r; z ) and the image sour c e Q1 . As long as the

re�ection from the lo w er (rigid) in terface of the w a v e guide has not reac hed

the surface, the p oten tial in the neigh b ourho o d of the surface is � 0 + � 1 and,

therefore, zero on the surface. � 0 + � 1 satisfy , therefore, for suc h times, the

condition of no stress at the surface z = 0 ( pzz = �@2(� 0 + � 1)=@t2) .

Similarly , if w e consider the re�ection of the spherical w a v e from Q0 at the

in terface z = d, the p oten tial of the w a v e re�ected there can b e written as

� 2 =
1

R2
F

�
t �

R2

�

�
; (4.61)

where R2 no w has to b e determined for a new image source with the z -co ordinate

d + ( d � h) = 2 d � h . That � 0 + � 2 satis�es the b oundary conditions @(� 0 +
� 2)=@z= 0 for z = d (zero normal displacemen t), can b e seen easily , since for

p oin ts in that in terface
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R0 = R2

@R0
@z

=
z � h
R0

�
�
�
�
z= d

=
d � h
R0

@R2
@z

= �
2d � h � z

R2

�
�
�
�
z= d

= �
d � h
R2

= �
@R0
@z

:

With the t w o previously considered re�ections of the spherical w a v e originating

from Q0 at the in terfaces of the w a v e guide, b oundary conditions can only b e

satis�ed for certain times, e.g., only as long as the re�ections � 1 and � 2 ha v e

reac hed the opp osite in terface, resp ectiv ely . Since they are of the same form as

� 0 , higher order re�ections can b e constructed in the same w a y . Eac h re�ection

and m ultiple re�ection seems to come from an image source, whic h w as created

b y the application of m ultiple mirror images of Q0 at the in terfaces (Fig. 4.25).

The sign of the corresp onding p oten tial is negativ e if the n um b er of re�ections

at the surface is o dd, otherwise it is p ositiv e. Eac h image source corresp onds to

a r ay from the source to the receiv er whic h has undergone a certain n um b er of

re�ections.

Fig. 4.25: Image sources for m ultiple re�ections in the w a v e guide.
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The ra y concept can, without di�culties, b e generalised for solid media (includ-

ing S-w a v es), but this is not true for the concept of the image source. This is

wh y , in general, and also in the case presen ted here, w e sp eak of a r ay r epr esen-

tation of the wave �eld . It can b e expressed as

� =
1X

j =0

(� 1)j
�
�

1
Rj 1

F
�

t �
Rj 1

�

�
+

1
Rj 2

F
�

t �
Rj 2

�

�

+
1

Rj 3
F

�
t �

Rj 3

�

�
�

1
Rj 4

F
�

t �
Rj 4

�

��
(4.62)

with

R2
j 1 = (2 jd + h + z)2 + r 2

R2
j 2 = (2 jd � h + z)2 + r 2

R2
j 3 = (2( j + 1) d � h � z)2 + r 2

R2
j 4 = (2( j + 1) d + h � z)2 + r 2:

Only those terms in (4.62) are non-zero, for whic h the argumen t is p ositiv e, and

for whic h F (t) at t = 0 is not zero. The n um b er of suc h terms is �nite and

increases with time.

F or the ideal w a v e guide, the determination of the con tribution of a ra y is simple,

since it follo ws the same time la w as the exiting spherical w a v e. F or other w a v e

guides, metho ds lik e those presen ted in section 3.8 ha v e to b e used. The resulting

n umerical e�ort is then signi�can tly greater and seems only justi�ed if not to o

man y ra ys ha v e to b e summed up, but that is necessary for large horizon tal

distances from the source where the paths of man y ra ys b ecome v ery similar.

In this case, the represen tation of the w a v e �eld as a sum of only a few normal

mo des is signi�c antly mor e e�cient . The ra y represen tation is most suited for

suc h distances from the source where the t ypical normal mo de prop erties of the

w a v e �eld ha v e not yet dev elop ed.

Finally , w e will sho w that (4.62) for F (t) = ei!t
and (4.39) and (4.40), resp ec-

tiv ely , are two di�er ent r epr esentations of the same wave �eld . W e limit our

discussion �rst to the case h � z � d. If F (t) = ei!t
is inserted in to (4.62),

and the Sommerfeld in tegral (3.85) for a spherical w a v e is used for eac h term,

it follo ws (the factor ei!t
is again omitted)

� =
Z 1

0
J0(kr )

k
il

1X

j =0

(� 1)j [� exp (� il j2jd + h + zj)
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+ exp ( � il j2jd � h + zj)

+ exp ( � il j2(j + 1) d � h � zj)

� exp (� il j2(j + 1) d + h � zj)] dk:

If z � h , the con tributions are equal to the argumen ts everywher e . Then

exp(� i 2ljd ) can b e separated

� =
Z 1

0
J0(kr )

k
il

2

4
1X

j =0

�
� e� 2ild � j

3

5 [� exp (� il (h + z))

+ exp ( � il (� h + z))

+ exp ( � il (2d � h � z))

� exp (il (2d + h � z))] dk:

The expansion in the �rst square brac k et has a sum of 1=(1 + e� 2ild ) . F rom the

second square brac k et, e� ild
can b e extracted giving

� =
Z 1

0
J0(kr )

k
2il cos(ld)

[� exp (il (d � h � z))

+ exp ( il (d + h � z))

+ exp ( � il (d � h � z))

� exp (� il (d + h � z))] dk:

The remaining square brac k et is equal to

� 2i sin [l (d � h � z)] + 2 i sin [l (d + h � z)] = 4 i cos [l (d � z)] sin (lh) :

Th us,

� = 2
Z 1

0
J0(kr )

k
l

cos [l (d � z)] sin(lh)
cos(ld)

dk; (4.63)

whic h agrees with (4.40).

If source and receiv er are exc hanged in (4.62), the p oten tial of a single ra y is

unc hanged since it dep ends only on the path tra v elled. Therefore, exc hanging

z with h in (4.63) giv es the p oten tial for 0 � z � h whic h leads to (4.39).

Th us, the pro of of the iden tit y of (4.62) (for F (t) = ei!t
) with (4.39) and (4.40),

resp ectiv ely , is complete.

Finally , w e w ould lik e to reiterate (compare section 4.2.1) that a represen tation

of the w a v e �eld by normal mo des alone is only p ossible for ideal w a v e guides
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whic h ha v e upp er and lo w er b oundaries that are completely re�ecting for all an-

gles of incidence. In other media, additional con tributions (b o dy w a v es, leaky

mo des) o ccur whic h are not due to the p oles in the complex plane lik e the nor-

mal mo des.

Exercise 4.7

Study the p olarisation of the displacemen t v ector of the second free normal

mo de of the ideal w a v e guide ( n =2 in (4.48)) as a function of depth.

Exercise 4.8

An explosiv e p oin t source is lo cated at depth h b elo w the free surface of a liquid

half-space. The displacemen t p oten tial � is the sum of the p oten tials (4.59) of

the direct w a v e and (4.60) for the re�ection. Giv e an appro ximation for � whic h

holds under the follo wing conditions (dip ole appro ximation) :

a) The dominan t p erio d of the excitation function F (t) is m uc h larger than the

tra v el time h=� from the source to the surface.

b) The distance r to the receiv er is m uc h larger than h .

In tro duce spherical co ordinates R and # relativ e to the p oin t r = 0 ; and z = 0
(compare Fig. 4.24).

What is the result, if the surface is not free but rigid?



App endix A

Laplace transform and delta

function

A.1 In tro duction to the Laplace transform

A.1.1 Literature

Spiegel, M.R. : Laplace T ransformation, Sc haum, New Y ork, 1977

Riley , K.F., Hobson, M.P . and Bence, J.C. : Mathematical metho ds for

ph ysics and engineering, A comprehensiv e guide, Cam bridge Univ ersit y

Press, Cam bridge, 2nd edition, 2002

A.1.2 De�nition of the Laplace transform

The Laplace transform asso ciates a function f (s) with the function F (t) , or it

transforms a function F (t) in to the function f (s) .

f (s) =
Z 1

0
e� st F (t)dt = L f F (t)g

F (t) = original function

f (s) = image function ( Laplace � transform ; abbreviated L � transform )

Sym b olic notation: f (s) ��� F (t) ( ��� = sym b ol of asso ciation )

t = real v ariable ( of time )

s = � + i! complex v ariable

179
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A.1.3 Assumptions on F(t)

1. F(t) is usually a real function

2. F (t) � 0 for t < 0 (satis�ed for man y ph ysical parameters - causalit y )

3. F (t) should b e in tegrable in the in terv al [0; T ], and for t > T it should

hold that

jF (t)j < e 
t
with real 
:

These are su�cien t conditions for the existence of the L-transform f (s) of F (t)
for complex s with Re s > 
 ( c onver genc e half-plane ). All limited functions

as, e.g., e� �t (� > 0), sin �t etc . ha v e an L-transform but also non-limited

functions as t � 1=2; tn
and e�t (n; � > 0). Note assumption 2. Man y functions

in ph ysics also ha v e an L-transform. The functions t � 1
and et 2

do not ha v e an

L-transform.

A.1.4 Examples

a)

F (t) = H (t) =
�

0 for t < 0
1 for t � 0

Hea viside step function (unit step)

f (s) =
Z 1

0
e� st dt = �

1
s

e� st
�
�1
0 =

1
s

for Re s > 0 (con v erg. half-plane )

H (t) ���
1
s

b)

F (t) =
�

0 for t < 0
e�t

for t � 0

f (s) =
Z 1

0
e� (s� � ) dt = �

1
s � �

e� (s� � ) t
�
�
�
1

0
=

1
s � �

; Re s > �

e�t � H (t) ���
1

s � �

F or � = 0 transition to the L-transform of H (t)

c)

sinat
a

� H (t) ���
1

s2 + a2 :

T ables of man y more corresp ondences can b e found in the literature giv en.
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A.1.5 Prop erties of the Laplace transform

Similarit y theorem a > 0

F (at) ���
Z 1

0
e� st F (at)dt =

Z 1

0
e� s

a at F (at)
d(at)

a
=

1
a

Z 1

0
e� s

a � F (� )d�

Therefore,

F (at) ���
1
a

f
� s

a

�
: (A.1)

Th us, only the L-transform of F (t) has to b e kno wn.

Example: A ccording to section A.1.4

et � H (t) ���
1

s � 1
:

With the similarit y theorem, it follo ws that

eat � H (t) ���
1
a

1
s
a � 1

=
1

s � a
;

i.e., the result of the direct computation in section A.1.4.

Displacemen t theorem

Fig. A.1: Displacemen t theorem.

F (t � #) ���
Z 1

0
e� st F (t � #)dt =

Z 1

0
e� s( � + # )F (� )d� = e� #s f (s)

F (t � #) ��� e� #s f (s) (A.2)

Damping theorem ( � arbitrary complex)

e� �t F (t) ���
Z 1

0
e� (s+ � ) t F (t)dt = f (s + � )

e� �t F (t) ��� f (s + � ) (A.3)
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Di�eren tiation theorem

F 0(t) ���
Z 1

0
e� st F 0(t)dt = e� st F (t)j10 + s

Z 1

0
e� st F (t)dt

The �rst term is zero at its upp er limit due to the assumption 3 from c hapter

A.1.3. Th us,

F 0(t) ��� sf (s) � F (+0)

F (+0) = lim
t ! 0
t > 0

F(t) is the limit from the right side : (A.4)

Generalisation:

F 0(t) ��� sf (s) � F (+0)
F 00(t) ��� s2f (s) � sF (+0) � F 0(+0)
.

.

.

F (n ) (t) ��� sn f (s) � sn � 1F (+0) � sn � 2F 0(+0)
� : : : � sF (n � 2) (+0) � F (n � 1) (+0)

9
>>>>>=

>>>>>;

(A.5)

In tegration theorem

G(t) =
Z t

0
F (� )d� ���

1
s

f (s) (A.6)

F rom this, it follo ws that

G0(t) = F (t) ��� f (s) � G(+0) = f (s):

Con v olution theorem

Z t

0
F1(� )F2(t � � )d� ��� f 1(s)f 2(s) (A.7)

The in tegral is called con v olution of F1 with F2 , sym b olic notation F1 � F2 .

F urthermore, it holds that



A.1. INTR ODUCTION TO THE LAPLA CE TRANSF ORM 183

Z t

0
F1(� )F2(t � � )d� =

Z t

0
F1(t � � )F2(� )d�

or

F1 � F2 = F2 � F1;

i.e., the con v olution is comm utativ e.

F urther elemen tary prop erties of the L-transform are that it is �rstly homoge-

neous and linear, i.e., it holds that

a1F1(t) + a2F2(t) ��� a1f 1(s) + a2f 2(s);

and secondly , that from F (t) � 0 it follo ws that f (s) � 0 and vice v ersa.

An imp ortan t prop ert y , whic h follo ws from the de�nition of the L-transform, is

lim
Re s ! + 1

f (s) = 0 : (A.8)

Only then is a function f (s) an L-transform and can b e transformed bac k (see

next c hapter).

A.1.6 Bac k-transform

F (t) = L � 1 f f (s)g =
1

2�i

Z c+ i 1

c� i 1
ets f (s)ds (A.9)

Fig. A.2: Con v ergence half-plane of Laplace in v erse-transform.

The in tegration path is parallel to the imaginary axis and has to b e situated

in the con v ergence half-plane of f (s) , otherwise, c is arbitrary . T o the righ t of

the in tegration path, f (s) cannot ha v e singularities, but it can ha v e them to

the left. The in tegration path can b e deformed in accordance with Cauc h y's

in tegral la w and the remainder theorem.
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A.1.7 Relation with the F ourier transform

A common represen tation of the F ourier transform F (! ) of a function F (t) is

F (! ) =
Z + 1

�1
F (t)e� i!t dt: (A.10)

F (! ) is also called the c omplex sp e ctrum of F (t) ; ! is the angular frequency .

The in v erse-transform is giv en b y

F (t) =
1

2�

Z + 1

�1
F (! )ei!t d!: (A.11)

This equation can b e in terpreted as the sup erp osition of harmonic oscillations.

This is the reason wh y the F ourier transform is often used in ph ysics. If the

b eha viour of a system, whic h can b e describ ed b y linear di�eren tial equations,

is kno wn for harmonic excitation, its b eha viour for impulsiv e excitation can b e

determined via (A.11). T o do this, the excitation has to b e brok en in to its

sp ectral comp onen ts according to (A.10). Then, the problem is solv ed for eac h

sp ectral comp onen t, and, �nally , all sp ectral solutions are sup erimp osed via

(A.11). Suc h an approac h is used in section 3.6.3 in the study of the re�ection

of impulsiv e w a v es at an in terface.

It is often less ph ysical, but often more elegan t and simple, to use the L-

transform. The connection b et w een F (! ) and f (s) is v ery close for functions

F (t) that are zero for t < 0 (causalit y)

F (! ) =
Z 1

0
e� i!t F (t)dt = f (i! );

i.e., the F ourier transform is also the L-transform on the imaginary axis of the

complex s-plane.

In an alternativ e represen tation of the F ourier transform, the factor

1
2� is not

in (A.11) but in (A.10). Then the F ourier transform F (! ) is equal to f (i! )=2� .

A.2 Application of the Laplace transform

A.2.1 Linear ordinary di�eren tial equations with constan t

co e�cien ts

Di�eren tial equation

L(Y) = Y (n ) + an � 1Y (n � 1) + an � 2Y (n � 2) + : : : + a1Y 0+ a0Y = F (t)

F (t) � 0 for t < 0 (A.12)
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Initial conditions

Y (+0) = Y0; Y 0(+0) = Y 0
0 ; : : : ; Y (n � 1) (+0) = Y (n � 1)

0

L-transform of (A.12) with Y(t) ��� y(s); F (t) ��� f (s) and (A.5)

�
sn + an � 1sn � 1 + : : : + a1s + a0

�
y(s) = f (s)

+
�
sn � 1 + an � 1sn � 2 + : : : + a2s + a1

�
Y0

+
�
sn � 2 + an � 1sn � 3 + : : : + a3s + a2

�
Y 0

0

+ : : :

+ ( s + an � 1) Y (n � 2)
0

+ Y (n � 1)
0 :

The p olynomials can b e written as

pi (s) =
n � iX

k=0

ak+ i sk ; i = 0 ; 1; 2; : : : ; n; an = 1 :

Therefore,

y(s) =
f (s)
p0(s)

+
nX

l =1

pl (s)
p0(s)

Y ( l � 1)
0 : (A.13)

The righ t side con tains the L-transform of the kno wn function F (t) , some p oly-

nomials, the co e�cien ts of whic h are kno wn and the kno wn initial v alues of the

function Y(t) to b e solv ed for. If it is p ossible to determine the in v erse transform

on the righ t side of (A.13), the problem is solv ed. In the case presen ted here,

this is not di�cult. Before this is done, w e discuss the comparison with the

standard metho d to solv e linear ordinary di�eren tial equations with constan t

co e�cien ts.

First, in the standard metho d the homogeneous di�eren tial equation is solv ed

generally (i.e., it con tains n undetermined co e�cien ts); then a sp ecial solution

of the inhomogeneous di�eren tial equation is determined, e.g., b y guessing or

b y v ariation of the constan ts. This is then the general solution of the inho-

mogeneous di�eren tial equation from whic h the n constan ts can b e determined

via the initial conditions. It is not necessary to �nd a general solution if the

L-transform is used. Here, the solution that corresp onds to the initial condi-

tions is determined directly . That is the great adv an tage of this metho d. This

adv an tage is ev en greater for the solution of partial di�eren tial equations with

b oundary and initial conditions and is wh y the L-transform is widely used. This

is esp ecially true in electronics. One consequence of this is that extensiv e tables

with in v erse transforms for man y L-transforms exist.

The in v erse-transform of (A.13) can b e split in to t w o steps (but that is not a

necessit y).
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1. f (s) 6= 0 ; Y0 = Y 0
0 = : : : = Y (n � 1)

0 = 0 . This corresp onds to the solution

of the inhomogeneous di�eren tial equation with zero initial v alues (See

section A.2.1.1).

2. f (s) = 0 ; initial v alue 6= 0 . This corresp onds to the solution of the

homogeneous di�eren tial equation with non-zero initial conditions (See

section A.2.1.2).

The sum of solution 1 and 2 is the in v erse transform of (A.13) to b e determined

(See section A.2.1.3).

A.2.1.1 Inhomogeneous di�eren tial equations with zero initial v alues

This case is also of practical in terest since in man y cases in whic h a system is

zero up to time t = 0 (i.e., Y (t) � 0 for t < 0), the initial v alues are zero. In

this case,

y(s) =
f (s)
p0(s)

:

Since 1=p0(s) for n � 1 is alw a ys an L-transform (compare (A.8)), the in v erse

exists

1
p0(s)

��� Q(t):

Q(t) is the Gr e en 's function of the problem. The con v olution theorem (A.7)

then giv es the solution Y (t)

Y (t) =
Z t

0
F (t � � )Q(� )d� =

Z t

0
F (� )Q(t � � )d�: (A.14)

The determination of Q(t) is, therefore, the remaining task. T o that end, w e

in tro duce an expansion in to partial fractions of 1=p0(s) under the assumption

that the zeros � k of p0(s) are all di�er ent

1
p0(s)

=
nX

k=1

dk

s � � k

where dk is the residue of 1=p0(s) at the lo cation � k

dk = lim
s! � k

s � � k

p0(s)
= lim

s! � k

1
p0 (s) � p0 ( � k )

s� � k

=
1

p0
0(� k )

:
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Th us,

1
p0(s)

=
nX

k=1

1
p0

0(� k )
�

1
s � � k

.

In v erse-transform, with a result from section A.1.4, giv es

Q(t) = H (t) �
nX

k=1

e� k t

p0
0(� k )

: (A.15)

If � k is real, the corresp onding summand in Q(t) is also real. If � k is complex,

an � 1 with � 1 = � �
k (the conjugate complex v alue to � k ) exists as part of the

other zeros, since p0(s) has real co e�cien ts. Then,

e� k t

p0
0(� k )

+
e� �

k t

p0
0(� �

k )
=

e� k t

p0
0(� k )

+
e( � k t ) �

p0
0(� k )�

=
e� k t

p0
0(� k )

+
�

e� k t

p0
0(� k )

� �

= 2 Re
e� k t

p0
0(� k )

:

Q(t) is, therefore, alw a ys real.

R elation to the usual solution metho d

The determination of the zeros of p0(s) is completely iden tical to the determi-

nation of the zeros for the c haracteristic equation p0(� ) = 0 of the homogeneous

di�eren tial equation. The e�ort in v olv ed is, therefore, the same. F or the usual

metho d, the additional e�ort of �nding a sp ecial solution of the inhomogeneous

di�eren tial equation and the determination of n constan ts in the solution of the

homogeneous di�eren tial equation from the zero initial conditions is needed.

It is also in teresting to see under whic h conditions on F (t) the initial v alues of

the solution

Y (t) =
Z t

0
F (� )Q(t � � )d�

are indeed equal to zero. One can sho w that

Q(k ) (+0) = lim
s!1

sk+1

p0(s)
(k = 0 ; 1; : : : ; n � 1);

and th us,
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Q(+0) = Q0(+0) = : : : = Q(n � 2) (+0) = 0 ; Q(n � 1) (+0) = 1 :

If this is used during the di�eren tiation of Y (t) , it follo ws that

Y (+0) = Y 0(+0) = : : : = Y (n � 2) (+0) = 0 ;

and under the condition that

lim
t ! 0
t > 0

Z t

0
F (� )d� = 0 (A.16)

it also holds that Y (n � 1) (+0) = 0. This means that due to the fact that a ph ys-

ical function in general satis�es (A.16) (as long as they ha v e a de�ned start),

the assumption of zero initial v alues is most often satis�ed. Equation (A.14)

with (A.15) is then the solution of the problem. An exception can b e found in

exercise A.2.

Application example

The di�eren tial equation of the mec hanical resonator can b e written as

•Y + 2 �! 0 _Y + ! 2
0Y =

1
m

K (t)

with

Y(t) = displacemen t from zero

K (t) = acting force ( = 0 for t < 0 )

m = mass

� = damping term (� = 1 : ap erio dic limit )

! 0 = eigen frequency of the undamp ed resonator

! = ! 0(1 � � 2)
1
2

eigen frequency of the damp ed resonator :

W e c ho ose � < 1 ( r esonator c ase ).

The L-transform of the di�eren tial equation leads to

y(s) =
k(s)

mp0(s)
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p0(s) = s2 + 2 �! 0s + ! 2
0 = ( s � � 1)(s � � 2)

� 1 = � ! 0

�
� + i (1 � � 2)

1
2

�
= � �! 0 � i!

� 2 = � �! 0 + i!

p0
0(s) = 2 s + 2 �! 0

p0
0(� 1) = � 2i! = � p0

0(� 2):

Th us, the Green's function can b e written as

Q(t) =
1

2i!

�
� e� �! 0 t � i!t + e� �! 0 t + i!t �

� H (t)

=
e� �! 0 t

2i!

�
ei!t � e� i!t �

� H (t)

Q(t) =
1
!

e� �! 0 t sin!t � H (t)

Q(+0) = 0 ; Q0(+0) = 1 :

The solution of the di�eren tial equation is, therefore, (t � 0)

Y (t) =
1

!m

Z t

0
K (t � � )e� �! 0 � sin!�d�

=
1

!m

Z t

0
K (� )e� �! 0 ( t � � ) sin ! (t � � )d�: (A.17)

If the p olynomial p0(s) has sev eral zeros, an extension in to partial fractions of

1=p0(s) is also p ossible, but it lo oks di�eren t as if only simple zeros w ere presen t.

Th us, the corresp onding Green's function Q(t) lo oks di�eren t (compare also the

usual metho d of solution). Equation (A.14) is also v alid in this case.

Exercise A.1

Giv e the solution of the inhomogeneous equation

L(Y ) = ! 2
0Y0H (t);

where H (t) is the Hea viside step function.

Exercise A.2

Solv e the di�eren tial equation of the mec hanical seismograph

L(Y) = � •X (X (t) = ground displacemen t )
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with the aid of the metho d of the v ariation of the constan ts and with the L-

transform. Assume

X (t) � 0 for t < 0; X (+0) = 0 ; _X (+0) = V0:

Deriv e the initial conditions for Y (t) from ph ysical principles and sho w that

Y (+0) = 0 ; _Y (+0) = � V0 .

In b oth exercises, L(Y) = •Y + 2 �! 0 _Y + ! 2
0Y; � < 1.

A.2.1.2 Homogeneous di�eren tial equations with arbitrary initial v al-

ues

This case has also a practical application since it describ es the de c ay of os-

cil lations of ph ysical systems. The imp ortan t p oin ts can b e learned from the

follo wing exercise.

Exercise A.3

Solv e the di�eren tial equation of the eigen oscillation of a mec hanical resonator

with

L(Y) = 0 ;

with the initial conditions Y (+0) = Y0; _Y (+0) = 0 using the L-transform, and

compare the solution with the solution L(Y ) of exercise A.1 as done ab o v e.

A.2.1.3 Inhomogeneous di�eren tial equations with arbitrary initial

v alues

W e sup erimp ose the solutions of section A.2.1.1 and section A.2.1.2. This means

that Y(t) consists of the t w o con tributions

Y(t) = Y1(t) + Y2(t):

Y1(t) is the solution of the homogeneous di�eren tial equation that satis�es the

initial conditions

Y1(+0) = Y0; Y 0
1 (+0) = Y 0

0 ; : : : ; Y (n � 1)
1 (+0) = Y (n � 1)

0 :

Y2(t) is the solution of the inhomogeneous di�eren tial equation with zero initial

v alues
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Y2(+0) = Y 0
2 (+0) = : : : = Y (n � 1)

2 (+0) = 0 :

Y(t) satis�es the di�eren tial equation and the giv en initial conditions, and is,

therefore, the solution of the problem.

F or ph ysical problems, the initial conditions always ha v e to b e deriv ed from

ph ysical principles, for example:

1. Mec hanical resonator:

•Y + 2 �! 0 _Y + ! 2
0Y = 1

m K (t)

F or t < 0, Y = Y0(t) is giv en. A t time t = 0 the force K (t) b egins to act.

Due to the c ontinuity r e quir ement it m ust, therefore, hold that

Y(+0) = Y0(� 0); _Y (+0) = _Y0(� 0): (A.18)

The resonator starts at time t = 0 with the initial v alues whic h connect

con tin uously to the previous v alues. The con tribution of Y1(t) to the dis-

placemen t Y(t) has the initial v alue giv en in (A.18) and is, therefore, an

eigen resonance, whic h con tin ues the oscillation Y0(t) . The forced oscilla-

tion Y2(t) , giv en in (A.17), with zero initial v alues, is then sup erimp osed

on that oscillation.

2. Mec hanical seismograph:

•Y + 2 �! 0 _Y + ! 2
0Y = � •X

The ground ma y b e at rest un til the time t = 0 . Due to the r e quir ement

of c ontinuity , it follo ws that

Y(+0) = 0 ; _Y(+0) = � _X (+0) :

Homogeneous equation:

•Y1 + 2 �! 0 _Y1 + ! 2
0Y1 = 0 ; Y1(+0) = 0 ; _Y1(+0) = � _X (+0)

L-transform: �
s2 + 2 �! 0s + ! 2

0

�
y1(s) = � _X (+0)

Similar to section A.2.1.1, the eigen resonance can b e written as

Y1(t) = �
_X (+0)

!
e� �! 0 t sin!t � H (t):

Inhomogeneous equation:

•Y2 + 2 �! 0 _Y2 + ! 2
0Y2 = � •X; Y2(+0) = _Y2(+0) = 0

L-transform:

�
s2 + 2 �! 0s + ! 2

0

�
y2(s) = �

�
s2x(s) � _X (+0)

�

The forced resonance, therefore, is ( t � 0)

Y2(t) = �
1
! 0

Z t

0

•X (� )e� �! 0 ( t � � ) sin! (t � � )d�:

The complete solution Y(t) = Y1(t) + Y2(t) is the same as in exercise A.2.
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A.2.2 P artial di�eren tial equations

W e no w use an example to demonstrate the main p oin ts discussed so far. W e

will examine, unlik e in section 3.4, the propagation of a compressional w a v e

from an explosiv e p oin t source. The starting p oin t is the equation of motion of

the elastic con tin uum without b o dy forces.

�
@2�! u
@t2

= ( � + 2 � )r r � �! u � � r � r � �! u (A.19)

( � =densit y , � and � =Lamé's parameters).

In our problem, for whic h w e use spherical co ordinates, the displacemen t

�! u has

only a radial comp onen t U , and the only spatial co ordinate is the distance r

from the explosiv e p oin t source. In this case, r � �! u is zero and it holds that

r � �! u =
@U
@r

+
2
r

U

r r � �! u =
�

@2U
@r2

+
2
r

@U
@r

�
2
r 2 U;0; 0

�
:

With � 2 = ( � + 2 � )=� (=v elo cit y of the compressional w a v es), it follo ws from

(A.19) that

@2U
@r2

+
2
r

@U
@r

�
2
r 2 U �

1
� 2

@2U
@t2

= 0 : (A.20)

The b oundary c onditions assumed are that for r = r1 the displacemen t is pre-

scrib ed as

U(r1; t) = U1(t): (A.21)

The initial c onditions are

U(r; 0) =
@U
@t

(r; 0) = 0 : (A.22)

U1(t) , whic h shall b e zero for t < 0, has to start smo othly , so that the initial

conditions are also satis�ed for r = r1 .

L-transform then giv es

u(r; s) =
Z 1

0
e� st U(r; t )dt

u1(s) =
Z 1

0
e� st U1(t)dt
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L
�

@U
@r

�
=

Z 1

0
e� st @U

@r
dt =

@
@r

Z 1

0
e� st Udt =

@
@r

u(r; s)

L
�

@2U
@r2

�
=

@2

@r2
u(r; s):

With this and (A.20), equation (A.20) leads to an or dinary di�eren tial equation

for u(r; s)

d2u
dr2 +

2
r

du
dr

�
�

2
r 2 +

s2

� 2

�
u = 0 : (A.23)

F or ordinary di�eren tial equations, the L-transform leads to an algebraic equa-

tion (p olynomials). F or partial di�eren tial equations in whic h, together with t ,

only one additional co ordinate o ccurs (the case studied here), the L-transform

leads to ordinary di�eren tial equations. F or partial di�eren tial equations in

whic h, in addition to t i, mor e than one co ordinate o ccurs, partial di�eren tial

equations are deriv ed. In eac h case, the dep endence on t is eliminated.

W e c hange the v ariables in (A.23) to x = rs
�

du
dr

=
du
dx

�
s
�

;
d2u
dr2 =

d2u
dx2 �

s2

� 2 :

Th us, (A.23) b ecomes

x2 d2u
dx2 + 2 x

du
dx

�
�
x2 + 2

�
u = 0 : (A.24)

This is a sp ecial case of the di�eren tial equations of the mo di�e d spheric al Bessel

functions

x2 d2y
dx2 + 2 x

dy
dx

�
�
x2 + n(n + 1)

�
y = 0 :

Compare, e.g., M. Abramo vitz and I.A. Stegun: Handb o ok of Mathematical

F unctions, H. Deutsc h, F rankfurt, 1985.

In our case, n = 1 , and the solution of (A.24), whic h has the prop erties (A.8)

of L-transforms, is

u(x) =
1
x

�
1 +

1
x

�
e� x � F (s); x =

rs
�

: (A.25)

As will b ecome clear in the follo wing, the in tegration constan t F (s) is imp ortan t.

W e no w sp ecify (A.25) for r = r1 , i.e., x = r1s=� , th us, u(x) has to b ecome the
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kno wn L-transform u1(s) of the displacemen t U1(t) giv en at the limit r = r1

(see (A.21))

u1(s) =
�

r1s

�
1 +

�
r1s

�
e� r 1 s

� F (s):

F rom this, F (s) can b e deriv ed. Therefore, (A.25) can b e written as

u (r; s) =
r1

r
1 + �

rs

1 + �
r 1 s

e� r � r 1
� su1(s) (A.26)

=
r1

r
�

"
s + �

r 1
+ �

r � �
r 1

s + �
r 1

u1(s)

#

� e� r � r 1
� s :

The term in the square brac k et can no w b e giv en as

u1(s) + �
�

1
r

�
1
r1

�
u1(s)
s + �

r 1

��� U1(t) + �
�

1
r

�
1
r1

�
U1(t) �

h
e� �

r 1
t � H (t)

i
:

In the last step, the con v olution theorem (A.7) w as applied. If the displacemen t

theorem (A.2) is used, the in v erse transform of (A.26) follo ws as

U(r; t ) =
r1

r

"

U1

�
t �

r � r1

�

�
+ �

�
1
r

�
1
r1

� Z t � r � r 1
�

0
U1(#)e� �

r 1
( t � r � r 1

� � #)d#

#

:

The retardation (r � r1)=� refers here not to the explosion p oin t source, but to

the sphere r = r1 , from whic h the w a v e starts at time t = 0 . The retarded time

is, therefore, � = t � (r � r1)=� , and the arriv al of the w a v e at eac h receiv er

with r > r 1 follo ws from � = 0 . Then

U(r; t ) =
r1

r

�
U1(� ) + �

�
1
r

�
1
r1

� Z �

0
U1(#)e� �

r 1
( � � # )d#

�
:

A.3 The delta function � (t)

A.3.1 In tro duction of � (t)

W e examine the result (A.17) for the mec hanical resonator
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Y (t) =
1

!m

Z t

0
K (� )e� �! 0 ( t � � ) sin ! (t � � )d�;

for the force K (t) = I� � (t) , where I is a constan t with the dimension of force �
time (=dimension of an impulse) and

� � (t) =

8
<

:

0 for t < 0
1
� for 0 < t < �
0 for t > �

is a square function as sho wn in Fig. A.3.

1/e3

e1

1/e

1/e

d  (  )

t

te

2

1

e2 e3

Fig. A.3: Represen tation of � � (t) as square functions.

The area under the curv e � � (t) is alw a ys equal to 1. Therefore, indep enden t of

� , alw a ys the same impulse I is transfered. Then the displacemen t for t > � can

b e written as

Y� (t) =
I

!m�

Z �

0
e� �! 0 ( t � � ) sin! (t � � )d�

=
I

!m�

Z t

t � �
e� �! 0 u sin ! u du:
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Fig. A.4: Beha viour of the term under in tegral in Y� (t) .

The mean v alue theorem for in tegrals giv es ( 0 < � < 1):

Y� (t) =
I

!m
e� �! 0 ( t � �� ) sin ! (t � �� ): (A.27)

The next step is the transition to � ! 0. F or (A.27) follo ws the result (t is

arbitrary)

lim
� ! 0

Y� (t) =
I

!m
e� �! 0 t sin!tH (t) =

I
m

Q(t);

where Q(t) is the Green's function of the di�eren tial equation of the mec hanical

resonator (compare section A.2.1.1). F or the force, the transition � ! 0 means

that the impulse is transfered to the resonator in shorter and shorter time. It

is ph ysically plausible, that this time then is not imp ortan t, if it is su�cien tly

small compared to the deca y time (�! 0)� 1
and the eigenp erio d 2�=! of the eigen

resonance of the resonator. Therefore, it mak es sense to adopt the limiting case

� = 0 also for the force, i.e.,

lim
� ! 0

K (t) = I lim
� ! 0

� � (t) = I� (t);

where � (t) is the delta function

� (t) = lim
� ! 0

� � (t): (A.28)

Other names are impulse function or unit impulse . It is ob vious that � (t) can-

not b e treated as a standard function. On the other hand, it w ould b e wrong

to study the function � (t) separated from the ordinary functions � � (t) . On the

con trary , � (t) has to b e understo o d as a series of f � � (t)g with � ! 0. F rom

the mathematical p oin t of view, � (t) is part of the gener alise d functions or dis-

tributions , for whic h extensiv e theories and literature exist. F or our purp oses,
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the ph ysical approac h to the delta function giv en, will b e su�cien t. The def-

inition of � (t) as a series of ordinary functions is the basis of an exact theory

that can also b e understo o d b y non-mathematicians; see, e.g., Riley , K.F., M.P .

Hobson and S.J. Bence: Mathematical metho ds for ph ysics and engineering,

A comprehensiv e guide, Cam bridge Univ ersit y Press, Cam bridge, 2nd edition,

2002.

A.3.2 Prop erties of � (t)

Due to (A.28)

� (t) = 0 for t 6= 0 :

F urthermore, it follo ws from the prop erties of � � (t) , that

Z + 1

�1
� (t)F (t)dt = F (0):

The delta function, therefore, is the v alue of F (t) at t = 0 ; suc h that

Z + 1

�1
� (t)dt = 1 :

F urthermore, it holds that G(t)� (t) = G(0)� (t) . If G(0) = 0 , then G(t)� (t) � 0.

F or the delta function � (t � � ) , whic h is displaced b y � , it holds that

� (t � � ) = 0 for t 6= �

and

Z + 1

�1
� (t � � )F (t)dt = F (� ):

The de�nition of � (t) is not only p ossible with the series f � � (t)g, the functions

of whic h are discon tin uous. An alternativ e option is the series f � n (t)g with

� n (t) =
� n

�

� 1
2

e� nt 2
:
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t

d (  )tn

Fig. A.5: Represen tation of � n (t) .

In this case,

� (t) = lim
n !1

� n (t)
Z + 1

�1
� n (t)dt = 1 :

With the functions � n (t) , the deriv ativ es of the the delta function can b e de�ned

as

� (k ) (t) = lim
n !1

� (k )
n (t):

d (  )tn

t

'

Fig. A.6: Deriv ativ e of the delta function � n (t) .

It holds that � (k ) (t) = 0 for t 6= 0 . F urthermore, it follo ws that
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Z + 1

�1
� (k ) (t � � )F (t)dt = lim

n !1

Z + 1

�1
� (k )

n (t � � )F (t)dt

= lim
n !1

(� 1)k
Z + 1

�1
� n (t � � )F (k ) (t)dt;

after k partial in tegrations. This giv es

Z + 1

�1
� (k ) (t � � )F (t)dt = ( � 1)k F (k ) (� ): (A.29)

Finally , w e discuss the c onne ction b etwe en the delta function and the step func-

tion H(t) from section A.1.4. W e consider the function

H � (t) =
Z t

�1
� � (� )d� =

8
<

:

0 for t < 0
t
� for 0 � t � �
1 for t > �

t

H  (t)

e

e
1

Fig. A.7: F unction H � (t) .

This means that

� � (t) = H 0
� (t);

and in the limit � ! 0

� (t) = H 0(t):

The delta function is the derivative of the step function . The same result could

ha v e b een ac hiev ed with the de�nition of � (t) with the use of the functions � n (t) .

It should also b e men tioned that H (t) is dimensionless, but � (t) has the inverse

dimension of time .
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A.3.3 Application of � (t)

1. The option to describ e impulses of for c e (and, similarly , of stress and cur-

ren t) will not b e discussed no w since that w as the topic of the in tro duction

of this app endix.

2. A p oint mass m (or similarly a p oin t c harge) can b e describ ed b y the

follo wing density

� = m � (x)� (y)� (z):

This holds b ecause � = 0 for (x; y; z) 6= (0 ; 0; 0), and the whole mass can

b e describ ed via

Z Z Z + 1

�1
� dx dy dz = m �

Z + 1

�1
� (x)dx �

Z + 1

�1
� (y)dy �

Z + 1

�1
� (z)dz = m:

3. The char ge distribution of a p oin t-lik e dip ole can b e describ ed b y the

follo wing line density � (x) (e.g., Coulom b p er meter) on the x -axis as

� (x) = M� 0(x); M > 0 (dimension : c harge * length );

since w e de�ne � (x) b y the series f M� 0
n (x)g.

+

-

x

M     (x)d'
n

Fig. A.8: Charge distribution of a p oin t-lik e dip ole.

The transition n ! 1 giv es then t w o in�nitely large opp osite p oin t

c harges, whic h are in�nitely close to eac h other.

+ -

x=0
x

Fig. A.9: Charge distribution of a p oin t-lik e dip ole for t w o in�nitely large

opp osite p oin t c harges, whic h are in�nitely close to eac h other.



A.3. THE DEL T A FUNCTION � (T ) 201

The momen t of suc h an arrangemen t relativ e to x = 0 is

Z + 1

�1
x� (x)dx = M

Z + 1

�1
x� 0(x)dx = � M:

The sign is correct, since the v ector of the momen t p oin ts from the negativ e

to the p ositiv e c harge. The dimension is also correct. The sp atial char ge

density of the dip ole w ould b e � (x; y; z) = M � � 0(x) � � (y) � � (z) (e.g.,

Coulom b p er cubic meter).

4. The r ole of the delta function for the solution of inhomo gene ous line ar

or dinary di�er ential e quations.

W e start with

L(Y ) = Y (n ) + an � 1Y (n � 1) + : : : + a1Y 0+ a0Y = � � (t): (A.30)

The solution is, according to section A.2.1.1,

Y (t) = Y� (t) =
Z t

0
� � (� )Q(t � � )d�; (A.31)

with Q(t) =Green's function, and it satis�es the initial conditions

Y� (+0) = Y 0
� (+0) = : : : = Y (n � 1)

� (+0) = 0 :

The transition � ! 0 in (A.30) and (A.31) giv es

L(Y) = � (t) (A.32)

with the solution

Y (t) = Q(t):

The Green's function of a system, whic h can b e describ ed b y a linear ordi-

nary di�eren tial equation, is also the solution of the inhomogeneous equa-

tion, whic h has the delta function as the term of p erturbation. Expressed

di�eren tly , the Gr e en 's function is the r esp onse function of a p erturb ation

of the system by the delta function (impulse r esp onse).

The initial v alues of Q(t) are

Q(+0) = Q0(+0) = : : : = Q(n � 2) (+0) = 0 ; Q(n � 1) (+0) = 1 ;

and are, therefore, di�eren t from those of the functions Y� (t) . This is

a consequence of the transition � ! 0. If (A.32) has, therefore, to b e
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solv ed directly , one has to use always zero initial v alues and not those,

whic h actually hold for Q(t) . In that situation, it is useful to kno w the

L-transform of � (t)

L f � (t)g = f (s) =
Z 1

0
e� st � (t)dt = 1 :

Since � (t) is a generalised function, it do es not hold here that lim f (s) = 0
for Re s ! 1 (compare (A.8).

No w w e can giv e the general solution of the initial v alue problem for a

system whic h is at rest up to the time t = 0 and is then excited in an

arbitrary w a y , a new interpr etation . The solution (A.14), namely

Y (t) =
Z t

0
F (t � � )Q(� )d� =

Z t

0
F (� )Q(t � � )d�; (A.33)

is deriv ed b y the con v olution of the solution Q(t) for the sp ecial excitation

of the system b y F (t) = � (t) with an arbitrary p erturbation F (t) .

A.3.4 Duhamel's la w and linear systems

In (A.33), w e c ho ose F (t) = H (t) (step function). In this case,

Y (t) = YH (t) =
Z t

0
Q(� )d� ( step resp onse )

Y 0
H (t) = Q(t):

In tegrating b y parts, it follo ws from (A.33)

Y (t) = F (t � � ) YH (� )j t0 +
Z t

0
F 0(t � � )YH (� )d�:

Th us, due to YH (+0) = 0

Y (t) = F (+0) YH (t) +
Rt

0 F 0(t � � )YH (� )d�

= F (+0) YH (t) +
Rt

0 F 0(� )YH (t � � )d�
(A.34)

This is Duhamel's law , whic h describ es ho w solutions for arbitrary F (t) can b e

determined from those for F (t) = H (t) .
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Generalisation

If w e use Q(t) = Y� (t) in (A.33), it follo ws that

Y(t) =
Z t

0
F (t � � )Y� (� )d� =

Z t

0
F (� )Y� (t � � )d�: (A.35)

The relation b et w een Y� (t) and YH (t) is

Y� (t) = Y 0
H (t):

Equations (A.34) and (A.35) con tain the statemen t that the resp onse of a system

has to b e kno wn only for v ery sp ecial excitations lik e the delta and the step

functions. F rom this, the solution for arbitrary excitation can b e giv en. This

is not only true for systems whic h follo w linear or dinary di�eren tial equations,

but also for systems whic h can b e describ ed b y p artial di�eren tial equations

or systems of simultane ous di�eren tial equations as long as they are linear and

ha v e time indep endent co e�cien ts. One requiremen t for this to hold is that the

system is at rest in the b eginning. The p erturbation can, dep ending on the

problem, ha v e a di�eren t form (e.g., force, temp erature, displacemen t etc .), as

indicated in Fig. A.10.

input function

or

p erturbation function

� (t)
H (t)
F (t)

output function

or

resp onse function

Y� (t) = Q(t) (impulse resp onse)

YH (t) =
Rt

0 Q(� )d� (step resp onse)

Y (t) according to (A.34) or (A.35)

Fig. A.10: Linear system with input and output.

T ransition in to the frequency domain using the F ourier transform

The F ourier transform of F (t); Q(t) and Y (t) is F (! ); Q(! ) and Y (! )

F (! )
Q(! )
Y (! )

9
=

;
=

Z + 1

�1

8
<

:

F (t)
Q(t)
Y (t)

9
=

;
e� i!t dt:
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The close relation with the L-transform has b een discussed in section A.1.7.

Therefore, it holds, as for the F ourier transform

Y(! ) = F (! ) � Q(! );

i.e., the F ourier transform Y (! ) of the input function Y (t) is the pro duct of

the F ourier transform F (! ) of the input function F (t) with Q(! ) of the Green's

function Q(t) . Q(! ) is called the tr ansfer function of the linear system or �lter.

Separation in to absolute v alue and phase giv es

Q(! ) = A(! )ei ' (! )

A(! ) = amplitude c haracteristics of the system

' (! ) = phase c haracteristics of the system

A(! ) describ es the ampli�cation or decrease of the circular frequency ! , re-

sp ectiv ely , and ' (! ) describ es the phase shift. A mono c hromatic oscillation as

input

F (t) = a sin!t;

has the output

Y (t) = A(! )a sin (!t + ' (! )) :

The transfer function of the system has, therefore, a v ery ph ysical meaning, and

it is th us, used widely .

Exercise A.4

A sphere of mass m drops from the heigh t h1 on the mass M of a mec hanical

(v ertical-)resonator, is re�ected there and reac hes the heigh t h2 . No additional

in teractions b et w een the t w o masses follo w. Determine the displacemen t of mass

M:

1. Using the homogeneous di�eren tial equation L(Y) = 0 and the corre-

sp onding initial conditions.

2. Using the inhomogeneous di�eren tial equation L(Y) =? and zero initial

v alues.

It holds that

L(Y ) = •Y + 2 �! 0 _Y + ! 2
0Y; � < 1:
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Exercise A.5

The ground displacemen t of the mec hanical seismograph (di�eren tial equation

L(Y) = � •X ) is giv en b y

a) X (t) = t 2 H (t )
2 ;

b) X (t) = tH (t);

c) X (t) = H (t):

Determine, in eac h case, the displacemen t Y(t) and discuss the relation b et w een

the three cases.

A.3.5 Practical approac h for the consideration of non-zero

initial v alues of the p erturbation function F(t) of a

linear problem

F or the mec hanical seismograph, the p erturbation function of the di�eren tial

equation is the second deriv ativ e of the ground displacemen t X (t) , and w e notice

that the initial v alues of the displacemen t Y (t) of the mass of the seismometer

dep ends on the initial v alues X (+0) and

_X (+0) , resp ectiv ely (compare exercise

A.2 and section A.2.1.3). This connection had to b e deriv ed from ph ysical

principles. Cases exist in whic h this is di�cult. Therefore, w e w ould lik e to

ha v e an approac h, that considers the initial v alues of the p erturbation function.

In the follo wing, w e de�ne, c ontr ary to the usage up to now , the p erturbation

function as the function, the single (or higher) deriv ativ es of whic h o ccur in the

di�eren tial equation as inhomogeneities (w e consider an arbitrary linear system).

Now F (t) = X (t) for the mec hanical seismograph and not F (t) = � •X (t) . W e

then solv e the equation for F (t) = Fn (t) , for whic h the initial v alues are zero,

up to su�ciently high orders. Then, one can assume that the initial v alues of

the corresp onding solution Yn (t) are also zero. Th us, Yn (t) can b e written as

Yn (t) =
Z t

0
F ( i )

n (t � � )G(� )d�: (A.36)

Therefore, w e kno w the i -th order of the deriv ativ e of Fn (t) ( i � 1) and the

function G(t) .

Giv en a series of functions Fn (t) whic h con v erge v ersus the p erturbation function

F (t) to b e determined (with non-zero initial v alues),
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lim
n !1

Fn (t) = F (t):

Compare also the commen ts to the de�nition of the delta function in c hapters

A.3.1 and A.3.2. Then, it follo ws that

lim
n !1

F 0
n (t) = F 0(t) + F (+0) � (t)

lim
n !1

F 00
n (t) = F 00(t) + F (+0) � 0(t) + F 0(+0) � (t)

.

.

.

lim
n !1

F ( i )
n (t) = F ( i ) (t) +

i � 1X

j =0

F ( j ) (+0) � ( i � j � 1) (t): (A.37)

� (0) (t) is here equal to � (t) .

Fig. A.11: F(t) and its deriv ativ e as a function of time.

The general solution Y(t) for arbitrary initial v alues of F (t) is

Y (t) = lim
n !1

Yn (t)

=
Z t

0
F ( i ) (t � � )G(� )d� +

i � 1X

j =0

F ( j ) (+0)
Z t

0
� ( i � j � 1) (t � � )G(� )d�;

if (A.37) is used in(A.36). No w

Z t

0
� ( i � j � 1) (t � � )G(� )d�

=
u = t � �

Z t

0
� ( i � j � 1) (u)G(t � u)du
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=
with (A :29)

(� 1)i � j � 1
�

di � j � 1

dui � j � 1 G(t � u)
�

u=0

= ( � 1)i � j � 1
�

di � j � 1

dt i � j � 1 G(t � u)
�

u=0
(� 1)i � j � 1

= G( i � j � 1) (t):

The general solution of the problem for arbitrary initial v alues of the p erturba-

tion function F (t) is then

Y (t) =
i � 1X

j =0

F ( j ) (+0) G( i � j � 1) (t) +
Z t

0
F ( i ) (t � � )G(� )d�: (A.38)

Application

Mec hanical seismograph:

•Y + 2 �! 0 _Y + ! 2
0Y = � •X

The assumption that the ground displacemen t X n (t) starts su�cien tly smo oth

and allo ws us to put the initial v alues of Yn (t) equal to zero

Yn (+0) = _Yn (+0) = 0 :

The di�eren tial equation is then solv ed under this assumption, most easily with

the L-transform (compare exercise A.2)

Yn (t) = �
1
!

Z t

0

•X n (t � � )e� �! 0 � sin !�d�:

Compare with (A.36): Fn (t) = X n (t); i = 2 ;

G(t) = �
1
!

e� �! 0 t sin !t � H (t):

The general solution is, according to (A.38),

Y (t) = X (+0) G0(t) + _X (+0) G(t) +
Z t

0

•X (t � � )G(� )d�

= X (+0) G0(t) + _X (+0) G(t) +
Z t

0

•X (� )G(t � � )d�:

This result (with X (+0) = 0 ) w as deriv ed directly , except for the sign, in the

exercise men tioned ab o v e.
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App endix B

Hilb ert transform

B.1 The Hilb ert transform pair

The Hilb ert tr ansform H (x) of the real function h(x) is de�ned b y the follo wing

in tegral ( x and � are real)

H (x) =
1
�

P
Z + 1

�1

h(� )
� � x

d�: (B.1)

P is the main value of the in tegral, i.e., the singularit y � = x of the in tegrand

has b een excluded

P
Z + 1

�1
::d� = lim

� ! 0

� Z x � �

�1
::d� +

Z + 1

x + �
::d�

�
:

The inverse Hilb ert tr ansform can b e written as (pro of follo ws)

h(x) = �
1
�

P
Z + 1

�1

H (� )
� � x

d�: (B.2)

Although this is di�eren t from the Laplace and the F ourier transform, the t w o

corresp onding functions h(x) and H (x) ha v e the same ar gument .

Some analytic al Hilb ert transform pairs are sho wn in Fig. B.1.

209
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Fig. B.1: Analytical Hilb ert transform pairs.

B.2 The Hilb ert transform as a �lter

Equation (B.1) is a con v olution in tegral

+e

e

x

P  (x)

-e

Fig. B.2: F orm of P� (x) .

H (x) =
Z + 1

�1
h(� ) � P

�
� 1

�

x � �

�
d� = h(x) � P

�
�

1
�x

�
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P
�

�
1

�x

�
= lim

� ! 0
P� (x)

P� (x) =
�

0 for jxj < �
� 1

�x otherwise :

Therefore, it holds for the F ourier transforms

H (! )
h(! )
P(! )

9
=

;
=

Z + 1

�1

8
<

:

H (x)
h(x)
P

�
� 1

�x

	

9
=

;
� e� i!x dx; (B.3)

and according to section A.3.4,

H (! ) = h(! ) � P(! ): (B.4)

The Hilb ert transform is, therefore, a line ar �lter . The F ourier transform and

its in v erse can b e e�ectiv ely calculated with the metho d of the F ast F ourier

transform. It is, therefore, adv an tageous to p erform the Hilb ert transform in

the frequency domain via (B.4). T o b e able to do this, one needs the tr ansfer

function P(! ) of the Hilb ert tr ansform . F rom (B.3), it follo ws that

P(! ) = �
1
�

P
Z + 1

�1

1
x

e� i!x dx; P(0) = 0 : (B.5)

W e compute this in tegral with metho ds from complex analysis b y deforming

the in tegration path to a semi-circle with in�nite radius in the upp er (lo w er)

x -half-plane for ! < 0 (! > 0), resp ectiv ely ,

Fig. B.3: In tegral path of P(! ) in the complex plane.
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P
Z + 1

�1

e� i!x

x
dx =

Z
e� i!x

x
dx � �iRes

e� i!x

x

�
�
�
�
x =0

=
Z

U=L

e� i!x

x
dx � �i; (B.6)

where the upp er (lo w er) in tegration path and the + (-) sign for ! < 0 (! > 0)
ha v e to b e c hosen, resp ectiv ely . Note that the �rst term on the righ t of the

�rst equation has to b e in tegrated along the real axis (excluding the p ole), and

the residual in the second term is iden tical to 1. The in tegration in the second

equation is then along the upp er (lo w er) half circle U (L), resp ectiv ely .

With the new v ariable ' on the half circles, it follo ws that

x = Rei' ; dx = Rie i' d':

This leads to

Z

U=L

e� i!x

x
dx = i

Z 0

� �
exp [� i!R (cos' + i sin ' )] d'

= i
Z 0

� �
exp [!R sin ' � i!R cos' ] d'

! 0 for R ! 1 ; since ! sin ' < 0:

Equation (B.6), therefore, reduces to

P
Z + 1

�1

e� i!x

x
dx = � �i;

and the transfer function P(! ) in (B.5) b ecomes the simple expression

P(! ) = i sign ! with sign ! =

8
<

:

� 1 for ! < 0
0 for ! = 0
+1 for ! > 0:

(B.7)

If the Hilb ert transform is considered as a �lter of the original function, it follo ws

from (B.4) with (B.7) that the frequency 0 is suppressed ( P(0) = 0 ), but all

other frequencies remain unc hanged in their amplitude (

�
�P(! )

�
� = 1 for ! 6= 0) .

A t ! 6= 0 only phase shifts are pro duced. With ! > 0 ( ! < 0) a phase shift of

� 900
results, resp ectiv ely . In �lter theory , the Hilb ert transform is an al l-p ass

�lter with r emoval of the aver age .

The practical computation of the Hilb ert transform H (x) of h(x) , therefore,

requires three steps:
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1. Computation of the F ourier transform h(! ) of h(x)

2. Multiplication with the transfer function P(! )

3. Bac k transformation of H (! ) .

If the Hilb ert transform is applied twic e , it follo ws in the frequency domain that

g(! ) = h(! ) � P
2
(! ) = � h(! );

and, therefore, g(x) = � h(x) . The original function h(x) is, therefore, obtained,

if the sign of the second Hilb ert transform is rev ersed. This pro v es (B.2) for the

in v erse Hilb ert transform.

This pro of only holds for cases in whic h h(0) = 0 , i.e., in cases for whic h the

in tegral o v er h(x) is zero. The third example in Fig. B.1 is suc h a case. Equation

(B.2) also holds if h(0) 6= 0 . This is sho wn in the second example of Fig. B.1

and can b e con�rmed with metho ds from complex analysis.

The n umerical Hilb ert transform, with (B.4) and (B.7) frequency ! = 0 , is

sometimes not treated prop erly . F or n umerical reasons, it is assumed that due

to P(0) = 0 the in tegral of the Hilb ert transform is always zero. This is not

true, if h(0) =
R+ 1

�1 h(x)dx is not �nite or not correctly de�ned. The �rst case

o ccurs, if, e.g., h(x) is a step function. The second case o ccurs, e.g., during

the in v erse-transformation of the Hilb ert transform h(x) = � ax=(a2 + x2) , the

deca y of whic h with increasing jxj is prop ortional to � 1=x and, therefore, not

strong enough. In suc h cases, a constan t shift of the n umerical result in the

ordinate direction is often su�cien t. The frequency ! = 0 is the only frequency

for whic h the Hilb ert transform computed n umerically can then deviate from

the exact result.
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App endix C

Bessel functions

In the follo wing, only the most imp ortan t equations and prop erties of Bessel

functions with inte ger or der are listed. More details can b e found, e.g., in M.

Abramo vitz and I.A. Stegun (1985), or in Riley , K.F., M.P . Hobson and S.J.

Bence (2002).

The di�er ential e quation of the Bessel function of in teger order n = 0 ; 1; 2; : : : is

x2y00+ xy0+
�
x2 � n2�

y = 0 : (C.1)

The t w o linearly indep enden t solutions of this equation are

y = Jn (x) = Bessel function of �rst kind and n � order

y = Yn (x) =
Bessel function of second kind and n � th order

or Neumann0s function ofn � th order.

Represen tation as a series

Jn (x) =
1X

k=0

(� 1)k

k!(n + k)!

� x
2

� n +2 k

Yn (x) =
2
�

�
0; 577216 + ln

x
2

�
Jn (x) �

1
�

n � 1X

k=0

(n � 1 � k)!
k!

�
2
x

� n � 2k

�
1
�

1X

k=0

(� 1)k (� k + � k+ n )
k!(n + k)!

� x
2

� n +2 k

� l =
lX

s=1

1
s
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The graphic represen tation for x � 0 is sho wn in Fig. C.1.

Fig. C.1: Bessel and Neumann functions.

Neumann's functions ha v e a singularit y at x = 0 .

The Hankel functions , or Bessel functions of the third kind, are de�ned as

H (1)
n (x) = Jn (x) + iYn (x) Hank el function of �rst kind (C.2)

H (2)
n (x) = Jn (x) � iYn (x) Hank el function of second kind : (C.3)

H (1)
n (x) and H (2)

n (x) are linearly indep enden t. The general solution of (C.1) is,

therefore, (with the arbitrary constan ts A,B,C,D) either

y = AJ n (x) + BYn (x)

or

y = CH (1)
n (x) + DH (2)

n (x):

Analogies to the di�eren tial equations of the trigonometric functions

(equation of oscillation)

y00+ n2y = 0

or their w ell-kno wn solutions cosnx and sinnx , and einx
and e� inx

, resp ec-

tiv ely ,
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Bessel functions T rigonometric functions

Jn (x) cosnx
Yn (x) sin nx

H (1)
n (x) einx = cosnx + i sinnx

H (2)
n (x) e� inx = cosnx � i sinnx:

Asymptotic represen tation for x � 1

Jn (x) '
�

2
�x

� 1
2 cos

�
x � n�

2 � �
4

�

Yn (x) '
�

2
�x

� 1
2 sin

�
x � n�

2 � �
4

�

H (1)
n (x) '

�
2

�x

� 1
2 exp

�
i
�
x � n�

2 � �
4

��

H (2)
n (x) '

�
2

�x

� 1
2 exp

�
� i

�
x � n�

2 � �
4

��

9
>>>>=

>>>>;

(C.4)

Recursion form ulae (Zn = Jn ; Yn ; H (1)
n or H (2)

n )

2n
x Zn (x) = Zn � 1(x) + Zn +1 (x) (n = 1 ; 2; 3; : : :)

Z 0
n (x) = n

x Zn (x) � Zn +1 (x) (n = 0 ; 1; 2; : : :)

Z 0
n (x) = � n

x Zn (x) + Zn � 1(x) (n = 1 ; 2; 3; : : :)

9
>>>>=

>>>>;

(C.5)

Sp ecial cases of the second and third recursion form ulae in (C.5) are then used

J 0
0(x) = � J1(x)

J 0
1(x) = J0(x) �

1
x

J1(x):

Up un til no w, w e ha v e considered the v ariable x as real and p ositiv e. If w e also

assume jxj � 1, all form ulae giv en also hold for c omplex , x and for (C.4). If

complex x are used, the follo wing relations are often useful

H (1)
n (� x) = � e� n�i H (2)

n (x)

H (2)
n (� x) = � en�i H (1)

n (x)

with sp ecial case n = 0

H (1)
0 (� x) = � H 2

0 (x)
H (2)

0 (� x) = � H (1)
0 (x):

(C.6)
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App endix D

The Sommerfeld in tegral

W e consider a time harmonic explosion p oin t source at the origin of a cylindrical

co ordinate system. Its compressional p oten tial

1
R

ei! ( t � R
� ) �

R2 = r 2 + z2�

solv es the w a v e equation and can, therefore, b e constructed from more ele-

men tary solutions of the w a v e equation in cylindrical co ordinates (as long as

cylindrical symmetry is main tained); see also discussion in section 3.7 leading

to (3.83)

1
R

ei! (t � R
� ) = ei!t

Z 1

0
g(k)kJ0(kr )e� il j zj dk (D.1)

l =
�

! 2

� 2 � k2
� 1

2 ( p ositiv e real or

negativ e imaginary ):

T o determine g(k) , w e consider (D.1) at z = 0

1
r

e� i! r
� =

Z 1

0
g(k)kJ0(kr )dk (D.2)

and use then the F ourier-Bessel tr ansform

g(k) =
Z 1

0
G(r )rJ 0(kr )dr (D.3)

G(r ) =
Z 1

0
g(k)kJ0(kr )dk: (D.4)
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g(k) is the F ourier-Bessel transform of G(r) , and G(r) is the in v erse F ourier-

Bessel transform of g(k) . Equation (D.2) has the form of (D.4), therefore, G(r ) =
e� i!r=� =r . Therefore, (D.3) can b e used to compute g(k)

g(k) =
Z 1

0
e� i! r

� J0(kr )dr

=
Z 1

0
cos

�
!

r
�

�
J0(kr )dr � i

Z 1

0
sin

�
!

r
�

�
J0(kr )dr:

With

Z 1

0
cos

�
!

r
�

�
J0(kr )dr =

8
<

:

0 for 0 < k < !
��

k2 � ! 2

� 2

� � 1
2

for k > !
�

Z 1

0
sin

�
!

r
�

�
J0(kr )dr =

8
<

:

�
! 2

� 2 � k2
� � 1

2
for 0 < k < !

�

0 for k > !
� ;

it follo ws that

g(k) =

8
><

>:

� i
�

! 2

� 2 � k2
� � 1

2
for 0 < k < !

�
�

k2 � ! 2

� 2

� � 1
2

for k > !
� ;

or simply g(k) = 1
il . Inserted in to (D.1), this giv es the Sommerfeld inte gr al

1
R

e� i! R
� =

Z 1

0

k
il

J0(kr )e� il j zj dk: (D.5)



App endix E

The computation of mo dal

seismograms

E.1 Numerical calculations

The treatmen t of p oin t sources in w a v e guides with arbitr ary (horizon tal) la y er-

ing leads to the follo wing general far-�eld form for the �eld v alues (displacemen t,

pressure, p oten tial etc .) of a normal mo de

N (t) = r � 1
2 Re

Z 1

0
M (! ) exp [i (!t � kr )] d!: (E.1)

M (! ) consists, in principal, of factors that describ e the sour c e sp e ctrum , the

excitation function of the mo de (dep ending on source depth, source orien tation

and, in general, also on ! ) and their eigen function (amplitude-depth distribu-

tion). W a v en um b er k(! ) = !=c (! ) con tains the disp ersion information of the

mo de. Equation (4.53) is a simple sp ecial case of (E.1) with M (! ) � k � 1=2(! ) .

In tegrals of the form (E.1) can b e solv ed e�cien tly with the help of the F ast

F ourier tr ansform . In the case of the ideal w a v e guide, for whic h the mo dal

seismograms computed analytically are giv en in Fig. 4.3, the follo wing n umerical

result is deriv ed for the p oten tial (after a lo w-pass �lter, whic h has deca y ed to

zero at the Nyquist frequency).
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Fig. E.1: Mo dal seismogram for the ideal w a v e guide (compare to Fig. 4.23).

They agree v ery w ell with the analytical seismograms in Fig. 4.33.

If one is only in terested in the study of disp ersion on horizon tal pro�les, most

times it is su�cien t to consider in M (! ) only the source sp ectrum. This simpli-

�es the studies, since then only the theory of fr e e surface w a v es is needed (for

the determination of k(! ) ).

E.2 Metho d of stationary phase

The application of the metho d of stationary phase in in tegrals of the t yp e (E.1)

has b een describ ed in section 4.2.3. Here, it is shortly outlined again, since the

results are needed as the basis for the treatmen t of the Airy phases in section

E.3. It should b e noted that to da y the results of this and the next section are

not of great imp ortance in the n umerical computation of mo dal seismograms,

since the F ast F ourier transform men tioned in section E.1 is more suited for

that purp ose. Here, analytical rules for the amplitude deca y of surface w a v es

with increasing distance can b e deriv ed; this is an imp ortan t addition to purely

n umerical metho ds.

The phase ' (! ) = !t � k(! )r in (E.1) has the follo wing deriv ativ es with resp ect

to ! (U = group v elo cit y)

' 0 = t � rk 0 = r �
r
U

(E.2)

' 00 = � rk 00= rU � 2U0
(E.3)

' 000 = � rk 000= r
�
U � 2U00� 2U � 3U0� : (E.4)
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Stationary phase v alues follo w from ' 0(! 0) = 0 and are, therefore, determined

b y

U(! 0) =
r
t
: (E.5)

Then

U0(! 0) 6= 0 ; (E.6)

' (! ) can b e appro ximated near ! 0 b y

' (! ) = ' 0 +
1
2

' 00
0 (! � ! 0)2

(E.7)

(' 0 = ' (! 0); ' 00
0 = ' 00

0 (! 0)) . The mo dal seismogram can then b e written in the

stationary phase appr oximation as

N (t) = r � 1
2 Re

Z ! 0 +� !

! 0 � � !
M (! ) exp

�
i
�

' 0 +
1
2

' 00
0 (! � ! 0)2

��
d! (E.8)

' r � 1
2 Re

(

M (! 0)ei' 0

�
2

j' 00
0 j

� 1
2

Z + 1

�1
eix 2 sign' 00

0 dx

)

with x =
�

j ' 00
0 j

2

� 1=2

(! � ! 0) . With (E.3), w e �nally deriv e (U0 = U(! 0); U0
0 =

U0(! 0); k0 = k(! 0) = ! 0=c(! 0))

N (t) =
U0

r

�
2�

jU0
0j

� 1
2

Re
n

M (! 0) exp
h
i
�

! 0t � k0r +
�
4

sign U 0
0

�io
: (E.9)

Equation (E.9) holds under the requiremen t (E.6). Then ! 0; t and r are con-

nected via (E.5) and` this pro duces the fr e quency mo dulation of the normal

mo de. Its amplitude is also time dep enden t; this is mostly due to M (! 0(t)) but

also partially due to U0 and U0
0 ( amplitude mo dulation ).

If w e consider the amplitudes of the normal mo de as a function of distance r , w e

see that they deca y with r � 1
as long as (E.9) holds. This statemen t concerns the

amplitudes in the time domain ; sp ectral amplitudes deca y with r � 1=2
according

to (E.1).
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E.3 Airy phases

F or realistic w a v e guides, one or sev eral frequencies exist for whic h the gr oup

velo city is stationary . In the follo wing, w e assume that ! 0 is suc h a frequency .

It also holds that U0(! 0) = 0 , (E.6) is, therefore, violated and (E.9) no longer

holds. A su�cien t appro ximation of the phase is, in this case,

' (! ) = ' 0 + ' 0
0(! � ! 0) +

1
6

' 000
0 (! � ! 0)3

(E.10)

instead of (E.7). F rom (E.2) and (E.4), it follo ws that

' 0
0 = t �

r
U0

; ' 000
0 = rU � 2

0 U00
0 : (E.11)

The phase is no longer stationary at ! 0 but has a turning p oin t there. The

third term in (E.10) has no w to b e considered since ' 0
0 c hanges from negativ e

v alues t < r=U 0 to p ositiv e v alues for t > r=U 0 and, th us, the second term in

(E.10) is not necessarily dominan t. In analogy to (E.8), the follo wing appro xi-

mation of the mo dal seismogram for times near r=U0 can b e deriv ed ( A iry phase

appr oximation )

N (t) = r � 1
2 Re

Z ! 0 +� !

! 0 � � !
M (! )

� exp
�
i
�

' 0 + ' 0
0(! � ! 0) +

1
6

' 000
0 (! � ! 0)3

��
d!

' r � 1
2 Re

�
H � b�

Z + 1

�1
exp

�
i
�

' 0
0 � b� x +

x3

3
sign ' 000

0

��
dx

�

= 2 r � 1
2 Ref H g � b�

Z 1

0
cos

�
sign ' 000

0 � ' 0
0 � b� x +

x3

3

�
dx

with x =
�

j ' 000
0 j
2

� 1
3

(! � ! 0) , H = M (! 0)ei' 0
and b =

�
2

j ' 000
0 j

� 1
3

.

The in tegral can b e expressed b y the A iry function

Ai (z) =
1
�

Z 1

0
cos

�
zx +

x3

3

�
dx;

whic h is sho wn in Fig. E.2.
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-2 0 2 4
-8

-6
-4

-0.5

0.5

z

Ai(z)

Fig. E.2: Airy function.

With (E.11), the end result for the A iry phase can b e written as

N (t) =
2

r
5
6

�
2U0

jU00
0 j

� 1
3

Re
�

M (! 0) exp [i (! 0t � k0r ]
	

�Ai

"
sign U 00

0

r
1
3

�
2U2

0

jU00
0 j

� 1
3

�
t �

r
U0

� #

: (E.12)

This is a mono c hromatic oscillation with frequency ! 0 (follo wing from U0(! 0) =
0), the amplitude of which is mo dulate d by the A iry function .

If sign U 00
0 > 0, i.e., if w e are at a group v elo cit y minimum , the mo dal seis-

mogram lo oks qualitativ ely lik e that in Fig. E.3 (the argumen t z of the Airy

function increases with t ).
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t

N(t)

t=r/u
0

Fig. E.3: Mo dal seismogram.

The seismogram ends with strong amplitudes in the neigh b ourho o d of the the-

oretical arriv al times of the Airy phase. Fig. 4.13 giv es quan titativ e results for

a liquid w a v e guide; in the range of the Airy phases, the seismogram has b een

computed with the theory if this c hapter.

If sign U 00
0 < 0 (i.e., w e are near a group v elo cit y maximum ), z decreases for in-

creasing t , and the Airy function is sampled from righ t to left. The seismogram,

therefore, starts with large amplitudes.

The amplitudes of the A iry phases decrease with r � 5=6
as a function of distance

r, i.e., they decrease slo w er then giv en in (E.9). This is the reason wh y the Airy

phase dominates for increasing distances.
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Ra yleigh w a v es, 136, 138, 142, 145,

150, 154, 159

recipro cit y , 161

reduced displacemen t p oten tial, 46

re�ection co e�cien t, 66, 67, 69, 70,

73, 74, 80, 86, 88, 89, 94,

95, 126, 128, 157

Re�ectivit y metho d, 92, 95, 97, 132

refraction co e�cien t, 66, 71, 84

retarded time, 48, 194

rotation tensor, 13

seismic ra y , 114, 121, 122, 125
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119, 121, 126, 130, 136, 157

shear mo dulus, 113

shear p oten tial, 34, 46, 54

shear w a v e, 36

single couple, 56, 58, 61

slo wness, 123, 127, 131

Snell's la w, 66, 67, 77, 87, 116

Sommerfeld in tegral, 94, 176, 219,

220

stress, 21

stress tensor, 21, 23, 26, 28, 30
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